The Lattice Approach for Finding Conserved
Quantities of Dynamical Systems

University of Northern British Columbia

Department of Mathematics and Statistics

2020 Summer Research Report

Weixian Lan



Abstract

Conserved quantities can tell us many properties of a dynamical system. However, such de-
sired quantities often do not exist or cannot be found systematically. In this research project,
we investigated a systematic approach to find conserved quantities for polynomial dynamical
systems in R? or R3, called the “lattice approach”. For quadratic 2D systems and some chaotic
3D systems, this approach helps us derive conditions for existence of polynomial or analytic
conserved quantities. Our approach converts the original problem to solving a sequence of lin-
ear recurrences. As we will see, under certain assumptions, solutions to those linear recurrences
will give us polynomial or analytic conserved quantities.



Acknowledgement

I would like to thank for the funding opportunity provided by ISRA and NSERC. With this
funding, I was able to do research without any financial pressure in this very special summer.
Also, many thanks to my supervisor Dr. Andy Wan. I really appreciate your time and guidance
during the reserch project. Having been through this research summer as an undergraduate, I
had a taste of research in mathematics. This experience helps me identify the common research
challenges and build up my mindset for research-oriented graduate studies.

i



Contents

[Abstract]

[Acknowledgement)|

[I'able of Contents|

[List of Figures|

(1 Introduction|

2 Quadratic 2D Systems|

ii

iii

iv

2.1 Equations and Lattices| . . . . . . . . . . . ... o
[2.2  Solutions in equivalent matrix form| . . . . . . . ... ..o
[2.3  Polynomial conserved quantities| . . . . . . . . .. ...

[3 Cubic 2D system|

[3.1  Solutions in equivalent matrix form)

[3.2  Algorithm| . . . . . . . . . .
[3.3 Examples| . . . . ..

[4 3D System: Lorenz System|

[4.1  Equations and lattices| . . . . . . . . . ...

[4.2  Solutions in equivalent matrix form|

[> A Nondissipative Chaotic System|

[>.1 Equations and lattices| . . . . . . . . .. .
[5.2  Equivalent matrix form|. . . . . .. ..o

6 Conclusion|

[A Additional proof of lemmas| . . . . . ... ... .o 00000

[(B-  Derivation of six conserved quantities for the Lorenz system|

Bibliography|

il

12
13
15
16

20
21
24

27
28
31

35

36
36
36

43



List of Figures

[2.1 Lattice diagram [Q2D-1al and [Q2D-1b| . . . . . . . .. ... ... ... ... ...
[2.2  Lattice diagram [Q2D-2[ . . . . . . . . . ...
[2.3  Lattice diagram [Q2D-3| . . . . . . . ..o
2.4 Lattice diagram [Q2D-4] . . . . . . . . . ...
[2.5  Lattice diagram [Q2D-5| . . . . . . . ..
[2.6  Lattice diagram [Q2D-6[ . . . . . . . . . ..o oo
[2.7  Lattice diagram [Q2D-7] . . . . . . . .. ..o

v



Chapter 1

Introduction

Consider a general dynamical system of x(t) given by

{d" =9(=), (1.1)

w(to) = Xy,
where the dot indicates differentiation with respect to t. In the following, we will assume basic
knowledge of dynamical systems. See for example [4] for more details on this subject. We are
only interested in dynamical systems that have a unique solution on some neighborhood, thus
we recall the following well-known existence and uniqueness theorem.

Definition 1. If a function g is continuous on a subset U € R", we say that g belongs to the
class of continuous functions on U, written as g € C(U).

Definition 2. We say that g € CY(U) if g : U — R" is continuously differentiable on U.

Theorem 1 (Local existence-uniqueness theorem). Let U € R"™ be open and xy € U. For
system (L.1)), if g € C'(U), then there exists some 6§ > 0 such that a unique solution x(t) exists
on I = [ty — 0, to + 0]

Definition 3. A conserved quantity ¥(x,t) : U x I — R of the system (1.1)) is a differentiable

d
function which satisfies 71? = 0 or equivalently, (x,t) = C on any solution of (L.1)) for all

t € I with the constant C' = (x(to),t0). A conserved quantity ¥ (x(t),t) is said to be time-
independent if it does not depend on t explicitly, i.e., (x,t) = ¥(x(t)); otherwise it is called
time-dependent.

In this work, we are only interested in nontrivial conserved quantities, i.e., non-constant function
(x,t). We also recall definitions on a special class of dynamical systems and certain limiting
sets of a dynamical system.

Definition 4 (Hamiltonian System). A Hamiltonian system in R*" is of the form

. OH
w—%
. OH
y——%,

where x, y € R" and H : R™ x R" — R s a differentiable function called the “Hamiltonian”.

Definition 5 (w and « limit set). Let T be a trajectory of system (1.1)). An w—limit set of T is

w() ={p € U : there exists a sequence t, — oo such that nh_}ngo = p}. Similarly, an a—Ilimit

set is w(l') = {p € U : there exists a sequence t,, — oo such that lim = p}.

n—oo
In the next chapters, we will study conserved quantities of general quadratic systems and some
chaotic 3D systems.



Chapter 2

Quadratic 2D Systems

A general dynamical system in R? can be written as

& = g(x),

2(to) = 0, (2.1)

gl(l’, y)
92(937 y)

x(t)

(
y(t)
function.
By Theorem [1 system has a unique solution on some open subset / C R. In particular,
a general quadratic 2D system, has the form

where x(t) = { } is the unknown functions and g(x) = [ } is some vector-valued

i = Ax + By + Ca? + Dxy + Ey?, (Q2D)
y =Fx+Gy+ Ha? + Tey + Jy?,
where A, B, C, D, E, F, G, H, I and J are constants.
Examples of such systems include Hamiltonian systemsd]
i = Az + By + C2* — 2Jxy + By, (2.2)
= Fax — Ay + Hz* — 2Cxy + Jy*. '
and the Lotka—Volterra system which is known as an example of “Poission system”,
T = ax — bxy,
Y (2.3)

Y = sTy — cy.

The purpose of this section is to derive time-dependent conserved quantity ¢ (z,y,t) for such

systems (Q2D)) in the form

U(w,y,t) = fz,y)e™, (24)
where f(z,y) is analytic around the originE] and k£ € R. By the definition of conserved quantity,
we know that ¢ (z,y,t) = C on any solution of (Q2D)) for some constant C' depending on the

initial condition. Notice that for & < 0, f(z,y) — 0 as ¢ — oo. This reveals that the solution
to (Q2D)) tends to the zero set of f(z,y), i.e., w—limit set, for sufficiently large ¢.

'In the Theorem @ of appendix we show that all quadratic Hamiltonian systems in R? must have the form

E2).

2W.L.O.G., under appropriate change of variables, f(z,y) can be made analytic around the origin.
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Assuming a conserved quantity of this form exists, then we will derive the necessary conditions
and show that f(z,y) exists as a polynomial under certain conditions. Since f(z,y) is analytic
around the origin by hypothesis, we can write

i Crm ™y". (2.5)

m=0,n=0

d d
Then it follows that on any solution of (| m 0= ¢ = ( / —k f> ~kt_ This implies

dt
d
f — kf =0, and so by chain rule, we obtain 0 = f,¢1(x, y) + fy92(x, y) — kf. Differentiating
and substituting (Q2D)) gives:

0= Z [(m+1)Chg1n 2™y " (Ax + By + Cx? + Dxy + Ey?)
m=0,n=0 N (26)
+ (n+ 1)Cpr 2™y (Fz + Gy + Ha? + Tzy + Jy*)] — k Z Crnn z™y"

m=0,n=0

In the next step, we simplify (3.4) by separating terms that have a factor of z'y™ for some
[,m > 2 and grouping those that do not.

0:ZAOln+F(n+1)CDn+1 zy" +Z (m+1)Crop10 4+ FCpyy |z

n= m=0
+ Z[A(m +1)Crg1a +2FCpp o™y + Z [AmCp + F(n+ 1)Cryt g1 J2™y"
m=0 m=2n=2
+Z m+10 +Gcm1.%' y—i—ZBCln +G(n+1)00n+1] ntl
n=0
+ZQBO271 +G(TL+ )Cln—l—l n+ + Z m+1 m+1,n—1 +GnCmn] yn
n=0 m=2n=2

[e.9]

+ ) [C(m+1)Crs10 + HCpa [+ [C(m+ 1)Crgr g + 2HCpp ]2y

=0 m=0
+ Y [Cm=1)Crip + H(n+1)Crgpia |2™y"
m=2,n=2

‘|‘ZDCln+](TL+ )COn—H +1+Z m+1 m+1,0 +ICm1] m+1y
n=0

-+ Z [DmCyp-1 + InCpyqy J2™y"

m=2n=2

+ ) [EC1n + J(n+1)Congr [y + ) [2ECoy + J(n+ 1)Cipy Jay"*

n=0 n=0
+ Z E(m +1)Crsinz + J(n = 1)Crpny Ja™y" — k Z Crn 2™y"
m=2,n=2 m=0,n=0

= [(A — k’)CLO + FC(),l ] x -+ [BCI,O + (G — k’)CO’l ] Yy + [280270 + (G + A— k)cl,l -+ DCl,D

Vv vV Vv
Q2D-1a Q2D-1b Q2D-2




CHAPTER 2. QUADRATIC 2D SYSTEMS 2.1. EQUATIONS AND LATTICES

—I—]C()l +2FC()2 Z Am ]{? m,0 +ch 1,1 +C( )Cm—l,O —f-HCm_Q’l}ZL'
e m=2 Q2D-3
+ Y [BCia1 +(Gn = k)Con + ECyys + J(n—1)Copn y"+z [(A+ Gn —k)Cy,
n=2 Q2D4 n= e
+F(n+1)Copns1 +2BCop1 +(D+J(n—1))Crp1 + InCoyp +2ECs,, o] xy”
Q2D-5

+ Y [(Am+ G = k)Crp +2FCp1 + B(m+1)Crugr 0 (C(m = 1) + 1) Cp1
m=2

~—
Q2D-6

+2HChyn5 + DmCrgla™y+ Y [(Am+Gn —k)Cryp + F(n+ 1)Cruy i

~ m=2,n=2 o~
+B(m+1)Crgin-1 +(C(m—=1)+In)Cp1, + Hn+1)Crg i1
QQBJ
+(Dm+J(n—1))Crpo1 + E(m+1)Crgr 2] z™y". (2.7)

-~

Next, we will systematically relate (1) — (7) by the “lattice approach”.

2.1 Equations and Lattices

Since the analytic condition holds in the neighborhood around the origin, all seven ex-
pressions of must vanish. To study the dependency of these expressions, it helps to depict
them in the following diagrams. Since the indices m, n are natural numbers, it is natural to
represent them as points on a “lattice”. In each lattice diagram, the dots represent the coefhi-
cients C; j, and the lines represent their relations given by the expresions. As m increases, the
lattice will move one unit to the right and as n increases, it will move ont unit upwards. The
solid lines in the diagrams show the relations involving the lowest order indices and the color
dotted lines show the typical relation as n or m increases.

(Q2D-1a) (A —k)Cio + FCyy =0
(Q2D-10) BCig + (G —k)Co1 =0

AN

o 1 2 3 4 5
m

Figure 2.1: Lattice diagram [Q2D-Ta] and [2D-1b
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" QBOQ,O + (G + A— k)Cl,l + DCLQ + 10071 + QFC()’Q =0

Figure 2.2: Lattice diagram

Q2D—3 (Am - I{J)Omp + FCm—l,l + C(m - ]-)Cm—LO + HCm_QJ = 0, m Z 2

Figure 2.3: Lattice diagram

QQD—4 BCI,nfl + (Gn - k)CO,n + ECl’nfg + J(n — 1)00’7171 = 0, n Z 2

o 1 2 3 4 5
m

Figure 2.4: Lattice diagram

(1Q2D-5))
(A—f—GTL—k?)CLn +F(TL—|—1)C077H_1 +2_BCQ7n_1 —|—[D—|—](n—1)]C’17n_1 —f—]TLOO,n +2E02,n—2 = 0, n Z 2
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Figure 2.5: Lattice diagram

(Q2D-6) (Am+G—k)Cp1 +2FCh19 +B(m+1)Chii10 +[C(m—1)+1]Cpm11 2HC 22 +
DmCi,o =0, m > 2

Figure 2.6: Lattice diagram

(Q2D-7)

(Am+Gn —k)Cypp + F(n+1)Crm1p1 + B(m +1)Chgi 1 + [C(m — 1) + In])Cry1
+H(n+1)Cri—oni1 +[Dm+J(n—1)|Crp1 + E(m+1)Criy1n—o =0, m,n > 2.

Figure 2.7: Lattice diagram [(Q2D-7]
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2.2 Solutions in equivalent matrix form

For convenience of analysis, we introduce some notations and rewrite equations
through in matrix form. FEach matrix equation involves the coefficients with the
same power of the subsequent binomial terms. If a solution to the matrix equations exists,
then the system has a conserved quantity. Depending on the values of parameters in
system there are three main cases: a solution to the matrix equations might not exist,
or the solution exists with a finite number of nonzero coefficients, or analytic if there are an
infinite number of nonzero coefficients. The latter two cases imply existence of a polynomial or
analytic conserved quantity for . Let M denote the sum of powers of x and y.

M = 1: (Q2D-Ta) and (Q2D-2) imply
A—k F |[Ce] [0
B G-k||Coui| " |o|

M =2: (Q2D-2)), (Q2D-3)) with m = 2 and (Q2D-4) with n = 2 imply

24 — k F 0 Ch —C —H]
2B G+A-k 2F Cia|=|-D —I {01701 .
0 B 2G — k| |Cos ~E —J| 0!

M = 3: (Q2D-3) with m = 3, (Q2D-4)) with n = 3, (Q2D-5)) with n = 2 and (Q2D-6|) with

m = 2 imply

3A— k F 0 0 Cs —2C  —H 0

3B G+24—k 2F 0 Cor|  |-2D —(C+1I) —2H g“
0 2B 2G+A—k 3F Cin| | -2E —(D+J) -2I C“
0 0 B 3G — k| |Cos -FE 0 —2J | L7702

M: (Q2D-5) with n = M — 1, (Q2D-6)) with m = M — 1 and (Q2D-7) with m = 2,..., M — 2,
=M -2

2.
(PM — ]{ZI)’UM = QM'UM—I (28)
C’C'M,O _CM_LO_
M-1,1 Chrr—2.1
Cr—22 :
where vy, = and vy = : ,
Con—2 CQ’M’?’
Cl7M71 Cim—2
dOM _CO,M—I_
Py — kI =
TMA—k F 0 0 T
MB (M-1)A+G—k 2F 0 0
0 (M —1)B (M —2)A+2G -k 3F 0 0
0 0 3B 24+ (M -2)G—k (M —1)F 0
0 0 0 2B A+(M-1)G-k MF
. 0 0 0 0 B MG — k]
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and Qy =
B -C —-H 0 0 T
-D —[(M = 2)C + 1] —2H 0 . 0

~(M—1)E —[(M—-2)D+J] —[(M-3)C+2I] —3H

0 . 0 —3E —[2D+ (M —3)J] —[C+(M -2 —(M—-1)H

0 0 0 —2E —[D+ (M =2)J] —(M—-1)I
L0 0 0 0 -E —(M —1)J ]

Using the same notation, it is easy to see the following relations:
(Pl — k])'vl =0
(P — kl)vy = Qavy
(Ps — kIvs = Q3v;
: (2.9)
(B = kI)vy = Qnon—
(Pn—H - kl)vn—‘rl = Qn-{—lvn

2.3 Polynomial conserved quantities

In this section, we seek to find polynomial conserved quantities to system |Q2D| Before we deduce
any conditions on existence of such conserved quantities, let us motivate with an example given
by the Hamiltonian system

i = Ax + By + Cx* — 2Jxy + Ev?,

2.10
= Fr— Ay + Ha? — 2Cxy + Jy*. ( )
From Theorem [0] in the appendix, we have the conserved quantity
F B H E
Uz, y) = —§x2 + Axy + Eyz — §x3 + C2*y — Jay* + gy?’. (2.11)

Indeed, we can verify that the coefficients of (2.11)) satisfy the lattice equations (2.9)) as follows

(Pl—kf)'ulzo g
A F1fo] Jo
B —A][0] |0
(pg—k[)’UQZQQ’Ul <~
24 F 0 1 [=5] [=C —H]
2B 0 2F || A|=|2J 2C M
0 B —2A| | %] |-E —J
(P — kl)vs = Q309
3AF 0 0] [-%] [-2¢ H 0] &
3B A 2F 0 Cl_|4 C =20 p
0 2B —A 3F | |—-J| |-2E J 4C || 35
0 0 B -=34] | % 0 —-FE —2J] L2

(Py — kI)vg = Qqvs
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3¢ -H 0 07 x
6/ 0 —2H 0 .
0=|-3E 3J 3C -3H

0 —2E 0 6C _é]
3

0 0 -£E  -3J

Note that ker Q, # (0 is a necessary condition for nonzero v,,. Thus, this illustrates the nec-
essary condition (2.9)) for conserved quantities. In general, it is difficult to solve these lattice
equations. Instead, we will derive a subset of solutions to the lattice equations below.

First, we illustrate a specific case with homogeneous polynomial conserved quantities. Here it
is required that v,, # 0 and v, = 0 for all k& # n.
From equation ([2.8]) with M =n + 1, we find

0= (Puy1 — klv,11 = Qni1vn,
we can deduce that v,, € ker ,,41. Moreover, from equation (2.8)) with M = n,
(P, — kv, = Q,v,—1 =0,
it follows that v,, € ker (P,, — kI). Thus, we have the following theorem.

Theorem 2. If ker Q,11 Nker (P, —kI) # 0 for some k € R, then system (Q2D)) has con-
served quantity of the form (2.4) with an n' order homogeneous polynomial f(z, y) where the
coefficients are defined by v,, € ker Q11 Nker (P, — kI).

In fact, Theorem [2] can be generalized to polynomial conserved quantities. Specifically, a
sufficient condition is to have f(z,y) in (2.4)) as an n—th order polynomial, and the details are
stated in the next theorem.

Theorem 3. If v, € kerQ,,1 Nker (P, —kI) # 0 for some k € R and v; € kerQ;;1 N

ker P, — kI foralli=1,...,n—1, then system (Q2D)) has a conserved quantity of the form (2.4
with an n'™ order polynomial f(x, y), where the coefficients are defined by v; fori=1,... n—1.

This theorem removes the restriction of f(z,y) being only homogeneous polynomials. Following
from (2.9), this theorem suggests that

(Pl —k?I)’Ul =0
(P2 _k[)UQ =0= QQ’Ul

(Pn - k?])’Un =0= ann—l
(Pn+1 - k[)anrl =0= Qn+1vn-

For practical purposes, we will introduce an algorithm to find the coefficients of f(z,y) in (2.5)),
if an nontrivial polynomial conserved quantity exists. Specifically, let us introduce an algorithm
to find the intersection of two subspaces A and B and a general algorithm to find coefficients

v1,...,0, of f(x,y) in (2.5), if there is any.
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Algorithm 1 FindIntersection(A, B)
Ny < rank A, N + rank B.
Let {a;}M4 be a basis of A and {b;}2 be a basis of B.
Suppose v = ZzNzAl Cia; = Zf\f’l D;b;, then compute the kernel of

[0,1 - any b1 bNB]‘

Algorithm 2 Find the coefficients for n—th order polynomial
L « list of vectors
for each k; € eigs P, counting multiplicity do
find the corresponding eigenvector v
if Q,11v" = 0 then
L.addToList(v")
end if
end for
if L is empty then
v, = 0 and there is no polynomial of order n
else
for each v' € L do
vl v
for j=n—1,...,1do
v’ « FindIntersection(ker (P; — kI), ker Q;41)
end for
the solution is defined its vi,... v
end for
end if

%
n

Now, let us illustrate the algorithm by the following example

i = Cx* + Dzy + (—4C — 2D)y?,

2.12
y = —2C2* + (=5C — 2D)xy + (—2C — D)y, (2.12)

where C, D are nonzero constants.

We want to find a polynomial conserved quantity, say, of order 2. Thus we will have v,, = 0

000
for all n > 3. We first need to find an eigenvalue for P,. Since P, = |0 0 0f, we see that
000
x
k = 0 is the only eigenvalue and its corresponding eigenvector is v = |y | for any z, y, z € R.
z
—2C 2C 0 1 0
. —2D  4C +2D 4C'
With @, = 8C + 4D e, 10C + 4D et v = _11 , and we check that Qv = 8 )

0 4C'+2D 4C+2D

10
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1
Soweset vo=v= |1 |. With £ =0, we need to solve
-1
-C 2C
PQ'UQZQQ’Ul — 0= -D 5C+2D V.

4C+2D 20+ D

Since C, D cannot both be zero, then v; = {8} € ker (P, —0I) N ker Q3. Therefore, the

1
algorithm implies vo = | 1 | and v,, = 0 for n = 1 and n # 3 and a conserved quantity for
—1
system [2.12is given by
U(r,y) = 2% +xy — ¢

11



Chapter 3

Cubic 2D system

In this chapter, we will study general cubic 2D systems for more interesting results in an
analogous approach. Consider the cubic 2D system given by

&= Az + By + C2* + Day + Ey* + Fa® + Ga*y + Hay® + Iy?,

C2D
= Jr+ Ky+ La* + May + Ny* + Oz® + Pr*y + Quy* + Ry®. ( )
Again, we are interested in the so-called “Darboux first interal”:
b(w,y,t) = flzy)e Z Conn ™" (3.1)
m=0,n=0
We find the derivatves:
af G m, n
i Z (m+1)Crp1n2™y", (3.2)
m=0,n=0
8f G m, n
8_3/ = Z (n+1)Crnsr x™y". (3.3)
m=0,n=0
Next, we have the following relation:
dy  _ (df ke (OF af
a ~ © ( f) (8:6 8y / (3.4)

Substuting equations (C2D)), (3.2)) and (3.3) into (3.4) simplies to

:[FOI,O + (K — /\)CO,IJ]ZJ + [§C1,1 + (2K = A\)Cop + EC1p + NCO,IJ]ZJQ

NV TV
C2D-1 C2D-2

+ Z[BCL”—I -+ (nK - /\)C(]’n + ECLn_Q -+ (TL — 1)N007n_1 —+ ICLn_g + (n — 2)R007n_2 ]yn

n=3 c2D-3
+ [(A — )\)Cl,o + JCO,l ]I + [(A + K — )\)0171 + 2JC()72 + 230270 + DOl,O + MCOJ ]$y
C2D-4 C2D-5
+ [(A + 2K — )\)CLQ + ?)JCO’g + 2802’1 + (D + N)Cl,l + 2ECQ7O + QMCO’Q + HCLO + QCOJ ].Ty
C2D-6

+ ) [(A+nK = N)Cip + (n+1)JCopy +2BCypny + (D + (n— 1)N)C1poy

~
C2D-7

12
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-+ nMC(),n + 2E027n_2 + (H + (n — Q)R)Clm_g + (TL — 1)@00771_1 + 2]02771_3 ][L’yn

+[(24 = X)Cy0 + JC1y + CChrp + LGy ]2

[

C2D-8
+ [(QA + K — /\)0271 + 2(]0172 + 330370 -+ (O + M)Ol,l + QLOQQ + 2D0270 + GCLO + POO’l ]x2y
C2D-9
+[(2A+ 2K — A\)Cyo +3JCh3 +3BCs, + (C +2M)Cy 5 +3LCys5 + (2D + N)Cy,
CQ?),-lo

+E))E03,0 + GCLl + 2PCO’2 + QHCQ,O + ch,lj]x2y2

+ ) [(2A+nK = X)Cap + (n+1)JC1pp1 +3BCsp 1 + (C+nM)Crp + (n+ 1)LCopnn

n=3

~
C2D-11

2D+ (n—1)N)Csp—1 +3EC3 -2 + (G+ (n—1)Q)Cy -1 +nPCqh,

-

+
+ —|—(2H + (TL — Q)R)Cgm_g + 3[03771_3 ]azzy”

J/

~~

+ Z[(?TLA —AN)Cmo +JCm_11 +(m—1)CCh19 + LC—01 + (m —2)FCryn9 + OCyyz |2™

7

m=3 C2D-12
+ Z[(TTLA + K — )\)Cm,l + QJCm_LQ + (m + 1)BCm+170 + ((m — 1)0 + M)Cm—l,l + 2LCm_2’2
m=3 C2D-13

-+ mDCmp + ((m — 2)F + P)Cm_271 -+ 2OCm_3,2 + (m — 1)Gcm_170 ]xmy

4

'

+ > [(mA+2K = N)Cpp +3JChiis + (m+1)BChsiq + (m— 1)C + M)Cpp1

m=3

02;514
+ BLC(m_Q“‘g -+ (n + 1)ECm+170 + ((m — 2)F + QP)Cm_ZQ + ((m — 1)G -+ Q)Cm—l,l

~~

+ 300m73,3 + mHCm,O ]l’myZ

+ Y [(mA+nK = XN)Cpp + (4 1)JCh_1 g1 + (M + 1)BChisy i

-~

m=3,n=3
+((m—-1)C+nM)Cp1n +(n+1)LCr—2n41 + (mD + (n — 1)N)Chypm1 + (M 4+ 1)EC, 11,52
C2D-15
+((m—=2)F +nP)Ch2, + (n+1)0Ch_3041 + (M —1)G + (n — 1)Q)Cr—1,0-1

-~

+ (mH + (n —2)R)Cryn—o + (m + 1)1C11,0-3]2"y".

N J/
-~

Since we are already familiar with construction of “lattice diagrams” from the above equations
(IC2D-1)) to ((C2D-15|), we omit this step, and proceed directly to the matrix equations.

3.1 Solutions in equivalent matrix form

We now rewrite equations (C2D-1]) to (C2D-15]) into a sequence of matrix equations for futher
study.

s=1:
Pivi =0 <—

13



CHAPTER 3. CUBIC 2D SYSTEM 3.1. SOLUTIONS IN EQUIVALENT MATRIX FORM

ot e L)

s=2:
PQ’UQ + Ql’vl =0 <—
24 — A J 0 Cyo C LT, 0
2B A+K-)\ 2] Cii|+|D M {Cm]_ 0
0 B 2K — \| |Coz E N| LU 0
s=3:
Pyvs + Qovy + Rivy =0 <—
34—\ J 0 0 Cs0 2C L 07 roy
3B 2A+K — )\ 2.J 0 Con| 2D C+M 2L 02’0
0 2B A+2K -\ 3J Cia 2E D+ N 2M CM
0 0 B 3K — )| |Cos 0 E 2N 02
F O 0
LG PG _ |y
H Q| [Coa 0
I R
s =4:
Py + Qg’vg 4+ Rovs =0 <—
4A — A\ J 0 0 0 Cio
4B 3A+K -\ 2.J 0 0 O3
0 3B 2A 42K — \ 3.J 0 Cyo
0 0 2B A+3K -\ 4J Cis
0 0 0 B 4K — | [Cou
3C L 0 07 ro 2F O 0 0
3D 2C+M 2L 0 0370 2G F+P 20| [Cyy 0
+|3E 2D+ N C+2M 3L 02’1 +|2H G+Q 2P| |Cia| = |,
0 2E D+2N 3M CL“' 21 H+R 2Q| |Coa 0
0 0 E 3N 03 0 I 2R
s=25:
Psvs + Quus + R3vy =0 <—
(5A — A\ J 0 0 0 0 7 [Cso]
5B 4A4+ K — )\ 2.J 0 0 0 Cya
0 4B 3A42K — \ 3.J 0 0 O3
0 0 3B 244+ 3K — ) 4.J 0 Cys
0 0 0 2B A+4K -\ 5] Cia
0 0 0 0 B 5K — M| [Cos
[4C L 0 0 07 ro [(3F O 0 0]
4D 3C+M 2L 0 0 04’0 3G 2F+P 20 0| [Csp
N A4F 3D+ N 20+2M 3L 0 0371 N 3H 2G+Q F+2P 30| |Cy,
0 3E  2D+2N C+3M AL 02»2 31 2H+R G+2Q 3P| |C,
0 0 2F D+3N 4M 01»3 0 21 H+2R 3Q| [Coz
|0 0 0 E 4N Pt o 0 I 3R]

14
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CHAPTER 3. CUBIC 2D SYSTEM

For arbitrary s:
Pvg + Qs—lvs—l + R 2v, 2 =0 <—

sA — )\ J 0 . Cso
sB (S - 1)14 + K-\ 2J 0 . 0571’1
0 (s—1)A (s—2)A+2K — X 3J 0 Cs_22
0 2B A + (S - ].)K — A sJ 0175_1
| 0 B sK — )\_ | Cos
[(s—1)C L 0 1
(S - ].)D (S - 2)0 + M 2L 0 . 05_1,0
(s—1)E (s—2)D+N (s—3)C+2M 3L 0 Cs—21
+ 0 (s —2)F (s—=3)D+2N (s—4)C+3M 4L :
' ' . Cl,s-2
0 2F D+ (S — Z)N (S — 1)M C(),sfl
0 E (s—1)N| )
_(S - 2)F O .. ] _05_2’0-
(S - 2)G (8 - 3)F + P 20 05_371
(s—2)H (s—3)G+Q (s—4)F+2P 30
(s—=2)1 (s—=3)H+R (s—4)G+2Q (s—5)F+3P 40
i ) )
0 (s —2)O
0 (s —2)P
0 ce (8 - 2)Q 0175_3
| 0 N 1 (S — Q)R_ _0075_2 ]
If we are interested in a conserved quantity of power n > 3, then the following relations must
hold, where \ is an eigenvalue of matrix Py for some k € {1,2,...,n}.
Pl(/\)'vl =0

Py(N)va+ Qiv1 =0
P3;(N)vs + Qavs + Riv; =0

Pn()\)'vn + anllvnfl + Rn72vn72 =0
ann + Rn—lvn—l =0
R,v,=0

3.2 Algorithm

3.2. ALGORITHM

In order to solve the vectors v; for i = 1,2,..., up to the order of our interest, we introduce

the following algorithm.

15
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Algorithm 3 Conserved quantity of order d
Given matrices Py, Py, ... and Q1,Q)>, .. .:

cq < list of conserved quantities
for k=1,...,d do
v {0},
eigs — {(AP, w3t (eigen-pairs of Py)
fori=1,...,k+1do
solExist < True
v[k] + u”
if £+ 1 <d then
if Py (A + Quv[k] = 0 has No solution then
solExist «— False
else
v[k+1] < solving Puy1 (A + Quv[k] = 0 for =
end if
end if
for j =k +2,...,d and solExist do
if P](Agk))m + Q;_1v[j — 1] + R;_2v[j — 2] = 0 has No solution then
solExist «— False
else
v[j] < solving P]()\gk))w +Qjo1v[j — 1]+ Rj—ov[j — 2] =0 for
end if
end for
if solExist and Qgv[d] + Rq—1v[d — 1] = 0 and R4v[d] = 0 then
cq.insert(v)
end if
end for
end for

3.3 Examples

In this section, we will test our algorithm on a few examples. The first one is 2D Hamiltonian
system given by

& = Ar + By + Cz* — 2Jxy + Ey?,
= Fr — Ay + Ha? — 2Cxy + Jy*.

The Hamiltonian for this system is

F B H E
H(z,y) = =2° — Avy — —y* + —2* — O2%y + Joy? — =9° (3.5)
2 2 3 3
In order to follow the steps in our algorithm, we need to find the matrices Py, P, ..., Q1,Q2, . ..

and Ry, Ro,.... Since it is a 2D system, we have 0 = Ry = Ry = .. ..

3A F 0 0
3B A 2F 0
0 2B —-A 3F
0 0 B =34

2A F 0
P1:|:g _FA:|,P2: QB 0 2F ,P3:
0 B —2A

16



CHAPTER 3. CUBIC 2D SYSTEM 3.3. EXAMPLES

3C H 0 0

C H _22] _Ié 2(;{ —6J 0 2H 0
Q1= |—2J =20 ,Q2= Q3= |3F -3J —-3C 3H
E J 2B —J —4C 0 2B 0 —6C
0 E 2J

0 0 E 3J

Next, we will first show the steps to detive the Hamiltonian using our algorithm. We start with
k = 2 for saving time, then we need to solve

Py(A\)vy = 0 for some undetermined .
Three eigen-pairs are
A =0u? =[-F 24 B]"
AP = oV A2+ BFul) = [(A+ VA2 + BF)F 2BF (—~A+ A2+ BF)B]"
A = —2VA2 + BFul) = [(A— VA2 + BF)F 2BF (—A— A2+ BF)B]" .
We continue with )\52) = 0,u§2) = [—F 2A B}T. Set v1 =0 and v, = ugz), solve

P3(0)vs + Qv =0

SA F 0 0 20 ~H 0 ],
3B A 9F 0 4 O —2H
0 2B -A 3F |Y7 |28 J 4C 2;
0 0 B -34 0 -E —2J

to obtain v3 = [—%H 20 —2J %E}T

Finally, we see that

3C H 0 0]y

—6J 0 2H 0 230
0 28 0 —6C| |
0 0 E 3J 3

From vy, vy and v3, the derived Hamiltonian is given by

2 2
H(z,y) = —F2* + 2Azy + By* — §Hx3 + 202y — 2Jwy* + gEyQ,

which is equivalent to equation(3.5)).
However, if we choose /\52) =2V A%+ BF, ug) = [(A+VA2+ BF)F 2BF (—A+VA2+ BF)B}T,

it will not lead a conserved quantity, as we will show below.

Notice that vs = [H -3C 3J —E]T is the only solution to ()3v3 = 0. However, there is no
solution to v, that satisfies

Ps()\z)’vz = —(Q2vy

3A—)\, F 0 0 H —2C —H 0
3B A—)\, 2F 0 —3¢| |47 C -2H

0 9B —A—),  3F 37 | T |2 J  4c |
0 0 B —3A-)]| | -FE 0 —E —2J

Hence, our choice of Ay does not lead to a conserved quantity. Similar argument holds for As.
So the derived Hamiltonian is the only conserved quantity of order 3.

17



CHAPTER 3. CUBIC 2D SYSTEM 3.3. EXAMPLES

Next, we will see the example of 3D-Hamiltonian system:

i = Ax + By + Ca? — 2Nzy + Ey? + F2?® + G’y — 3Rxy* + Iy
= Jx — Ay + La* — 2Cxy + Ny? + Ox® — 3F2*y — Gay* + Ry’

The Hamiltonian for the system is given by

J B L E O G I
H(z,y) = =2 — Avy — —y* + =a® — Ca’y+ Nay? — = + —a* — Fady — —2*y* + Roy® — —y*.
2 2 3 3 4 2
In order to derive such conserved quantity, we need to show the following:
Pg()\)’vg =0
P3(A\)vs + Qava =0
Py(N)vg + Q3v3 + Rovy =0
Qav4 + R3v3 =0
R4’U4 =0.
24 J 0
Step 1: Let k = 2, the eigenvalues and eigenvectors of P, = |2B 0 2J | are
0 B —2A
A =0ul =[-7 24 B]"
A = oV A2 1 BIul) = [(A+ VAT BJ)J 2BJ (-A+vA T BJ)B]"
AP = —2VA2 + BIu) = [(A— VA2 + BJ)J 2BJ (-A— A2+ BJ)B] .
We choose eigenvalue A = )\9) =0and vy = [—J 24 B]T.
Step 2: Solve
P3(0)vs = —Qv3
3AJ 0 0 -2C —-L 0 g
3B A 2J 0 | 4N C 2L 94
0 28 —A 3J |7 |2E N 4C | |7
0O 0 B =34 0 —-F —-2N
to obtain v; = [—%L 2C —2N %E]T
Step 3: Solving
Py(0)vy = —Q3v3 — Ryvy
4A J 0 0 0 3C L 0 0 27 2F O
4B 2A 2J 0 0 —6N 0 2L 0 2?(’;, 2G  —2F
0 3B 0 3J 0 |vy=—-| 3F —-3N —-3C 3L _on| T —6R 0
0 0 2B —2A 4J 0 2F 0 —6C 2 p 21 2R
0 0 0 B —4A 0 0 E 3N 3 0 1

gives [-2 2F @ —2R 1]".

18
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CHAPTER 3. CUBIC 2D SYSTEM

[ 3F O
3G —-F
-9R G
3 —5R

0 21

Step 4:
4C L 0 0 0 o
—8N C 2L 0 0 ;g
4E —5N —2C 3L 0
QuoatRsvs= | " sp oy 50 ap || @ |7F
0 0 2FE N —8C _?R
0 0 0 E 4N | L 2
Step 5:
[ 4F O 0 0 0
4G 0 20 0 0
—12R 2G —4F 30 0
Rwy,=| 4 —8R 0 —8F 40
0 31 —4R —2G —12F
0 0 2I 0 —4G
0 0 0 I AR

0 0

2F
G
—2R

2
I
2

9
2

It follows from the above five steps that the Hamiltonian is derived as

H(l,y) =

which is equivalent to equation ({3.6)).

19
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=0.

30
—9F
—-3G

3R

2 2 @) , I
—J.:1:2+2Axy+By2—§Lx3+20x2y—2ny2+—Ey3— §x4+2Fx3y—|—Gx2y2—2ny3+—y4,
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Chapter 4

3D System: Lorenz System

Lorenz system is a well studied dynamical system in R? due to its connection to chaotic behavior,
which has the form,
T =s(y— ),
y=rr—zxz—1, (L3D)
z=uxy — bz,
where s, r and b are nonnegative real parameters. Parameters play an important role in the
behaviors of dynamical systems, especially when we are trying to find conserved quantities
based an arbitrary parameters. As we shall see later, assuming conserved quantity of a certain

form will restrain the possible values or ranges of these parameters. In this section, we are
interested in analytic conserved quantities of system (L3DJ), which has the form

¢(m’y7 Z’t) = f(l*’y7z)6_kt (41)

for some k£ € R. This class of conserved quantity was studied in [3] and it was shown that
there are six nontrivial polynomial conserved quantities [2][I]. In order to derive a formula for
f(z,y, z), we hypothesize that it is analytic around the origin given by

f(xa Y, Z) = Z Cl,m,n xlymzn’ (42)

1=0,m=0,n=0

where (), ,, is underdetermined real coefficients. In order to follow the similar approach as in

d
the Q2D system, we need to compute d—{ by the chain rule. We start the process by computing
the partial derivatives of f(x,y, z)

o0

o= ). U+ D)Chimaz'y™",
1=0,m=0,n=0

fy = Z (m + 1)Cl,m+1,n xlymznu (43)
1=0,m=0,n=0

f. = Z (n+ 1)Crmpni1 Ty™z".

1=0,m=0,n=0
By the definition of conserved quantity,

o—%—(df

_ W (Y kf) e = it fyi+ fof — k.

20
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Substituting in (4.3]) and system (L3D)) leads to

0= > {0+ 1)Chimn — (m+1)Clmirnlay™ 2" + [r(m + 1)Cliniin

1=0,m=0,n=0
—s(l+ 1)Criy1mmn | +1ymz" + [-b(n+ 1)Clmnt1 ]xlym2n+1 + (n+1)Clmnt1 $l+1ym+1zn
+ [—(m + 1)01 m1, n] l+1ym2"+1 kOl m,n xlymzn}

=—kCooo + Y [rC — (sl 4+ k)Cr0] 2t + $Chm-10 — (m+k)Com
0,0,0 Z 1-1,1,0 ( )lOO Z[ 1 1,0 ( )0 0]

N
L3D-1 =1 L3D-2 L3D-3

+Z (b+k)Coon] 2"+ Z s(l+1)Cri1m-10 +r(m+1)Ciz1 i1 _(m+8l+k)clm0
n=1 L.3D-4 i=1,m=1 L3D-5

+Cl—1,m—1,1 ]Jilym a:lym + Z [Tlel,l,n - (Sl + bn + k')C[’(]’n - 017171@,1 ] zl"

v I=1n=1 LZ’:IS—G
+ Y [8Cimorn — (mA b+ E)Comnly" + > [+ 1)Crirmorn — (m+ sl
m:l,n:l\ L??]S—? I=1,m=1,n=1 e g

j—b’fl + k)cl,m,n + T(m + 1)Cl—l,m+1,n + (n + 1)C’l—l,m—l,n—ﬁ—l - (m + 1)C(l—l,m—i—l,n—l ] ﬂflymzn

~-
L3D-8

4.1 Equations and lattices

Again as in Q2D system, we will study the relations between coefficients Cj,,, in equation
by lattice diagrams introduced previously. The lattices in the same color have the same
relation in terms of = and y, varying in n. For example, and (L3D-6), (L3D-3)) and
and and share the same patterns, respectively.

(IL3D-1))
kCpo0 =0

10 10

(L3D-2))
TCl—l,l,O — (Sl + ]C)Cl’(),o =0,1>0

21
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4.1. EQUATIONS AND LATTICES

N
,_.mw-a-»i-ﬂ‘""":'“n

([C3D-3)

$Cim-10 — (k+m)Como =0, m > 1

({C3D-4)

([C3D-5)

s(L+1D)Crirm1,0 +1r(m+1)Crogmyr0 — (M + sl +k)Crmo + Croim—11 =0, [,m >1

22
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(IL3D-6))

[C3D-7)

(L3D-8))
s+ 1)Criimain —(m+sl+bn+k)Crpmn +r(m+1)Ci-1mi1n

+(n+1C11m-1n+1 — (M +1)Ci-1mi1n—1 =0, l,m,n >1

23
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4.2 Solutions in equivalent matrix form

Again as in the (Q2D)), for the purpose of computation, it will be helpful to group the equations
into matrix forms using the lattice equations.
Let M be the sum of powers of z and y, n be the power of z.

M =0:
(k + bn) CO,O,n = O, n > 0. (44)
——— ————
Po,n vo,n
v (s+ )
. . — 8—|—]€ r 017070 . 0
n = O . |: S _(1 + ]{:):| |:CO7170 - 0 (45)
~ ~ T e’
Pio V1,0
—(s—i—k—i—bn) r ClOn COlnfl
> . "y — sty
n=zl: [ s —(14+k+bn)| [Coin 0 ' (4.6)
N - S —— —
Pl,n Vin
M=2
—(28 + k) r 0 027070 0
n=20: 2s —<8 + 1+ k) 2r CLLO = —00’071 . (47)
0 S —(2 + k?) 0071,0 O
Py v2,0
n>1:
—(28 + k + bn) r 0 0270,71 01717,1_1
2s —(S + 1+ k + bn) 2r Cl,l,n = —(n + 1)0070,714_1 + 200,2771_1
0 s —(24+k+bn)| |Coan 0
N\ -~ 7 e’
P2,n V2,n

(4.8)
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M=m:n=0:
[—(ms + k) r 0 . 0
ms —[(m—1)s+1+k] 2r 0 0
0 0 —(m—yj)s —[(m—1—j)s+1+j+k] (j+2)r O
0 0 2d —(s+m—1+k) mr 0
i 0 . 0 s —(m+k)
Pono
[ Cmoo ] [ 0 i
Cm-11,0 —Cr2,01
Cm-1-jj+1,0 | = [—Cm-2—j,1 (4.9)
Cim—-1,0 —C0,m-2,10
. Como | L 0 i
| —
VUm,0
n>1:
[—(ms+k+bn) r 0 0
ms —[(m—-1s+1+k+bn 2r 0 0
0 0 —(m—yj)s —[(m—1—j)s+1+j+k+bn] (j+2)r 0
0 0 2d —(s+m—14+k+bn) mr 0
i 0 e 0 s —(m+k+bn)
Pm,n
[ C(171,0,71 ] i Cm—l,l,n—l ]
Cm—l,l,n —(Tl + l)cm—Q,O,n-i-l + 20.,n—2,2,n—1
Cm-a—jjtin | = [0+ 1)Cnsjjnt1 + ( +2)Cn-2-jjt2n1 (4.10)
Cim-1,n —(n+1)Com-2n+1 +MmComn-1
CVO,m,'rL i L 0 i

[ ——
Starting from matrix equation (4.4), if for any k € R, det By, # 0 for all n > 0, it will lead to
vy, = 0 for all n > 0. Following from vy, = 0, n > 0, if we continue assuming det P, # 0
for all n > 0, we will again have vs, = 0 for n > 0. By induction, this will lead to vy, = 0
for all I > 0,n > 0. Similarly, in matrix equation and ([4.6), if for any k € R det Py ,, # 0
for all n > 0, then we will have vy, = 0 for all n > 0. And moreover, if det Py, , # 0 for all
[>0,n >0, we will have vg41,, = 0 for all [,n > 0. This illustrates the following theorem.

Theorem 4. If for k € R det P,,,, # 0 for all m,n > 0, then there is no nontrivial analytic
conserved quantity of the form f(x,y, z)e .

One way to interprete this is that a conserved quantity of the form exists only if P, ,
is singular for some m and n. This constraint will restrict the choices of parameters in order
to have such conserved quantity. Furthermore, we will investigate special ones which will lead
f(z,y,2) to be a polynomial.
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In the section [B] of the appendix, we showed using a tree search algorithm on the lattice
equations to verify that all conserved quantities of up to order four polynomial of the Lorenz
system (L3D)). Specifically, we will recover all the six known conserved quantities.
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Chapter 5

A Nondissipative Chaotic System

In this section, we continue applying our lattice approach to the following 3D system

T =y,
y=—x+yz, (Q3D)
F=1—1

This is a nondissipative chaotic system discovered by [5], which has a simpler form than the
dissipative Lorenz system. Again, we hope to find conserved quantities of the form

Uz, y, 2,t) = f(z,y,2)e ™, (5.1)

where k € R and f(x,y,z) : U x I — R is analytic around the origin. Assuming conserved
quantities in the from (|5.1)) exist, we will need to solve

df
0=——-k% 5.2
Lk (52)
to obtain the coefficients of the conserved quantity. Recall that we have

[e.o]

o= Y. U+ D)Chimaz'y™",
1=0,m=0,n=0

fy = Z (m + 1)Cm,l+1,n QJlZ/mZna (53)
1=0,m=0,n=0

fo= Z (n+ 1)Crmpi1 Ty™z".

1=0,m=0,n=0

Combining (5.2), (Q3D)) and (5.3 and omitting the intermediate steps as illustrated before, we

will have

o0

0= Z (1 +1)Cri1m-10 — (M +1Cirmr10 + Crma — kCimpo — Crm—n ]z'y™

g
l=1,m=2

~
Q3D-1

+ Z[En +1)Coomnt1 — kCO,O,n/] 2"+ [gl,o,o +Co10 — kCO,l,OJ]y + Z[?l,o,n + CO,l,nflj

n=1

J— Ve vV
n=0 Q3D-2 Q3D-3

:i—(n + 1)00’17n+1 — kC’o,l,nJ]yz" + Z[?l,m—l,(] + CO,m,l - kCO,m,O - CO,me,l ]ym

m=2

TV TV
Q3D-4 Q3D-5
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+ Z Clm 1n +mComni1 + (M +1)Comnt1 — kCoant1 —kcom] "

m=2n=1

Q3D-6

+ Z [—Ci11m + (R +1)Cronp1 — kCro,]o'z" + Z[(l +1)Cii100 —2Ci12120 + Ciaa
1=1,n=0 Q3D-7 =1 Q3D-8

—kcuo |ty + Z (I +1)Cii10n —2C12120 +Crin-1 + (n+1)Cr1nt1 _kClln]xyZ

I=1n= 1 Q3D 9
+ Z [gl + 1)Cl+1,mfl,n — (m + 1>lel,m+1,n + mCl,m,nfl + (n + 1)Cl,m,n+lj
I=1,m=2n=1 ~

_kcl,m,n - (Tl + 1)Cl,m—2,n+1 ]:L,lymzn

-~
Q3D-10

5.1 Equations and lattices
Again, we followed a similar approach as in the Lorenz system. Since it is known that the

system (Q3D]) is nondissipative, we can assume k = 0 to simplify our analysis. Then the above
computation leads to the following equations.

(Q3D-1) (I+1)Ciy1m-10 — (m+1)Ciz1ms10 + Cim1 —Cim—oq =0,1>1,m > 2

Q3D—2 (n + 1)CO,O,n+1 = 0, n Z 0
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(Q3D-3) Cipo + Coi0 =0

(Q3D-4) Cion +Coin-1 +(n+1)Cornt1 =0,n>1

(Q3D-5) Chim—10 +Comi — Com—21 =0, m>2
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. EQUATIONS AND LATTICES

(Q3D-6) Cim—1n +MmComnt1 +(n+1)Comny1 =0, m>2,n>1

(Q3D-7) —Ci—11 +(n+1)Crony1 =0,1>1,n>0

(Q3D-8) (I+1)Cii100 —2C1—120 +C111 =0,1>1
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CHAPTER 5. A NONDISSIPATIVE CHAOTIC SYSTEM 5.2. EQUIVALENT MATRIX FORM

(Q3D-9) (I+1)Ciy100n —2C1—120 +Crip-1 +(n+1)Criptr1=0, > 1,n>1

Q3D—1O (l + 1)Cl+1,m—1,n — (m + 1)01_17m+17n + mCl,m,n_l
+<TL + ]-)Ol,m,n—H - (’TL + 1)Cl,m—2,n+l = 07 la n > 17 m > 2

5.2 Equivalent matrix form

Interestingly, for this system, for some undetermined coefficients, there always exists an analytic

solution around the origin. Let M =1+ m > 0, where f(z,y,z) = Z Chmon Ty™2" for

1=0,m=0,n=0
n > 0.

M =0: Cypp free, Coont1 =0 for n > 0.

M=1: 017070, 00717[) free
Cron| _ [ 0 1] [Ciop
C'(),1,1 -1 0 CO,I,O
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CHAPTER 5. A NONDISSIPATIVE CHAOTIC SYSTEM 5.2. EQUIVALENT MATRIX FORM

[01,0,n+1] — |: 01 n+1:| [Clonl + |:O 0 :| Cl,O,n—l
CO,l,n-i—l Tntl C(0,1,71 0 n—i—l COln 1

Solving the above recurrence, we find the closed-form formula for Cy o x and Cy1n, N > 0.

_ _(=D"Ci00 _ (=D"Co,1,0
C02n = nn2).43> " =0 d Co2n = G310 " 20
C _ __(=D"Coap an C — (D"ao s
1,02n4+1 = @nt1)(2n—1)...31° 0,1.2n+1 = 9p@2n—2)..42° " =

—_ 9. 2 ._ T
M =2: 02,070, CLLO and 0072’0 free Let v, = [0270771 0171771 0072771} 3

0 + 0 0 0 0
P=|-2 0 2l and@?= |0 —1 0 |. Then
0 -+ 0 0 0 -2

= P2,

_ p2
n+1 - P +1’U +Qn+lvn 1 n > 1

For arbitrary M > 3: let 'vfy = [C’M,O,n Cyv-1an - Civ—1n C’O,M,n}T, n > 0, and u% =
0 0 Cyu—s0m --- CO,M72,n}T7 n > 1.

0 1 - -
M5 2 00
0 _M-1 g 3 0 -3
PM — " " and QM = [0 0 _%
_2 M N
T _Ol . 0 ... 0 =]

M
= PMo)! +ul!

M M ..M M

Vi = P v, +Qn+1vn 1t Uy, n > L

Next, we show that there is no polynomial conserved quantities for system [Q3D| First, we will
need two lemmas.

Lemma 1. For any M >3 andn > 1, ifv) = vl , =0 and 0 = u) =u) = ... = v,
then v}l = ... =0}, =0.

Proof. We will prove by induction on n and fix M.
Base case: n = 1, if v} = v} =0, then

0 0 C
M M 0 _% M M 0
MiYvY +ul = 0= vy, = vy = | .| forsome C €R
Ny ;
0 —5 0
and -~ ~
0 0
-M 0 2 ¢
M M 0
P ’UO +'u1 — 0: .‘. ". "_ . — CZO-
-2 0 M i
I 0 -1 0 0
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CHAPTER 5. A NONDISSIPATIVE CHAOTIC SYSTEM 5.2. EQUIVALENT MATRIX FORM

So v} = 0.

Hypothesis: assume that forn =k > 2, vpf =vpl, =0 = v}/ =...=v) , =0.
Induction step: n = k + 1, suppose that vjt, = vpl, = 0.

vy, = Plovihy 4+ Qriovd + uph,

0 0 C
0 —ms 0
— 0= . vl = v = | .| forsome C €R.
0 0 —25 0
@) )
Vit = Py’ + Qk+1vk |+ g
- o ke o
k+1 0 0
M 2
= S U 0 0 — L
= 0= ' + ! v,
2 M
S I o I T e 12
! 0 —mr 0] Y]
-
—MC
— v = 0 for some D € R.
- 0 -
(3)
vy =B +kak 2 Hup.
. - - D ]
C 0o 1
o T —mc| o o
k k 0 0 —+
S - T . + ’Uk_2
2 M 1
o] | 0 —+ 0| 4
M
— C:—?O — =0 = v
Now, vy = vl = 0, by the induction hypothesis, we have v}’ = ... = viZ, = 0. Hence,
vl =. .. =vM =0. O
Lemma 2. For any M =1 or2 and alln # 1, if v}l = v}, =0, then v}’ = v}, =0.
Proof. Since when M = 1 or 2, we have v}/ = PMv}! and v, = PX vX + QM v}, the
proof is similar to Lemma [1} O

Now, we are ready to prove our main result.

Theorem 5. For system (Q3D)), assume a time-independent conserved quantity is of the form
flz,y,2) = (x,y, 2,t), i.e., =2 = 0. Then it is either the case f(x,y,z) = C for some constant
C' € R or that there exists some M > 1 such that for any n > 0, vM #0 or v}, #0, i.e.,
analytic conserved quantity.
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CHAPTER 5. A NONDISSIPATIVE CHAOTIC SYSTEM 5.2. EQUIVALENT MATRIX FORM

Proof. 1f Cypo = C and Cj,,,, = 0 otherwise, it is the first case of the statement. If not, then
there is some Ny > 1 such that 'U?VO # (0 or some n > 1 such that U%M # 0 for some M > 1.

From the previous lattice equation (Q3D-2)), we know that v? = 0 for all n > 1. So for some
L > 1 and some Ny > 1, v%L # 0. Define the nonempty set S :={L >1:3N, > 1,'UJLVL # 0}.
We now prove case two by contracdiction.

Let M > 1 be the smallest integer in the set .S, so U%M # 0 for some Ny; > 1, and V1 < k < M,
vM =0 for alln > 0if M > 1. Suppose that v}/ = v} | =0 for some n > 0. By lemmall]and
, vy =0 for all p > 0. So either way, there is a contradiction with the choice of S. Thus, for
such M, for any n > 0, it must have v}’ # 0 or v}, # 0. O

Unfortunately, we were unable to a find closed-form formula to the analytic coefficients, but we
are able to derive some partial results.

Proposition 1. A conserved quantity for the system|Q3D|is of the from (x,y, z) = Z ful(z,y, 2),
M=0

where fiy = xly™M~! ZZO:O Cim—in 2" and Cpp—1o s a free parameter for all M > 0 and all
I < M. Moreover, fi has the closed-form formula

— [(=D)" (=1)"(2n +2)! ont1
n=0

= [(=1)"(2n)! —1)ntt
{< UCDIHNECS ey }

+ty

n=0
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Chapter 6

Conclusion

In this research project, we introduced a systematic approach to derive conserved quantities for
various dynamical systems of the form ¢(x) = f(x)e ", where f(x) is polynomial or analytic.
In particular, we needed to find the coefficients of f(x). By computation, we found relations
among the coefficients in the form of recurrence equations. To study them more systematically,
we drew the diagrams on lattices, and rewrote the equations in their equivalent matrix forms.
This reduced to solving the matrix equations, which is essentially a linear algebra problem. To
illustrate our approach, we applied it to three systems: the general quadratic system (Q2D),
the Lorenz system (L3D) and a nondissipative chaotic system (Q3D).

In our study of Q2D system, we were able to find conserved quantity of some special form,
and we have an algorithm and illustrated one example for finding conserved quantities. For the
Lorenz system, it turned out that generally no conserved quantity exists unless there are some
constraints on the parameters. Under those constraints, we applied our method to recover the
six known conserved quantities of polynomial form that appear previously in literature. Lastly,
we also studied a nondissipative chaotic system, and revealed that it has no polynomial con-
served quantity.

For future study, we are interested in applying the “lattice approach” to higher-order polynomial

2D systems and more chaotic systems. Meanwhile, we will also be interested in investigating
other approaches to find conserved quantities for dynamical systems.
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Appendix

A Additional proof of lemmas

Theorem 6 (Criterion for Hamiltonian systems in 2D). Recall that a Hamiltonian system in
R? has the form

PR

9 (1)
| OH
y_(?x

where H(x, y) is the Hamiltonian equation. Suppose the system (Q2D)) is a Hamiltonian system
in R2, then the condition A = —G, I = —2C and J = —2D must be satisfied. Moreover, the
Hamiltonian s given by

F B H E
H(z, y) = =2 — Azy — =9° + —2° — Ca’y + Jaoy* — =y (2)
2 2 3 3
Proof. Substituting (1)) into (Q2D)) yields

9,

—a—?zAx%—By—FC’xQ—Fny—i-EyZ (3)
OH 2 2
%:FQJ—FG:U—FHZ‘ + lzy + Jy~. (4)

Integrating with respect to y gives

B D E
H=—Axy — Eyz — O’y — Ewyz — gy?’ + C(z). (5)

Differentiaing ([5]) implies
0 D
Fr+ Gy+ Ha? + Tzy + Jy* = (‘3_H = —Ay — 2Cxy — §y2 + C'(x).
T

Hence, we can derive A = —G, [ = —2C and D = —2J. Furthermore, the conserved quantity
is given by
F B H E
H(z, y) = =2 — Avy — —y* + —2° — C2’y + Jay* — =y
2 2 3 3
]

B Derivation of six conserved quantities for the Lorenz
system
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