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1 Introduction

This project involves applying conformal mappings to solving Laplace’s equation. We assume
the readers have sufficient knowledge in Laplace’s equations, Fourier series, Fourier transform
and conformal mapping. For better understanding, please refer to Math 230 lecture notes
for Laplace’s equations and Fourier series and Math 201 textbook for conformal mapping.
In section 2, we suggest that an equivalent domain can preserve the solution to Laplace’s
equations. In section 3, we introduce the main techniques for solving Laplace’s equation on
some simple domains: disk, annulus, upper half-plane and semi-infinite stripe. As we are
familiarized with solutions on those particular domains, we will apply conformal mapping to

transform more irregular domains to one of the simple ones to derive the solution.

2 Invariance of Solutions to Laplace’s Equations

In this section, we will introduce a key theorem, relating solutions of Laplace’s equations on

different domains.

Theorem 1. If two domains D and D' are related by an analytic and one-to-one function

f(u,v) =x(u,v)+iy(u,v), then their Laplacian V2y(u,v) on D and V2¢(x,y) on D' are related by
Vi3 (u,v) =| Va(u,v) I Vg(x, y),

where Vzw(u, v)= V2¢(x(u,v),y(u,v)).

Proof. Since f(u,v) = x(u,v)+ iy(u,v) is analytic, Cauchy-Riemann equations are satisfied as

follows:
0x Oy
= _ 1
ou Ov (1)
Ox 0
=2 @)
ov ou

Applying the chain rule on v, yields
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Figure 1: Invariance of Laplace’s equations
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likewise for v,

dx\2 9 dx 0 %x 92
Voo =ua [ 5o] + 0y | 2|+ 20y (| 055 40y 3

Combining equations 1 and 2, we have

N R o e [ e
Viu ¥ Voo = P ou ov Py ou ov Py Ovov Ouodu
0%x 02x %y 0%y
o ) 0 + 53
ou ov ou ov
~ (6x)2+(6x)2 .\ ( 0x)2+(6x) (axax axax)
= x| (5 ov Py || 30 ou 20y ovou dudv
6x 0x2
= (Pax + Pyy) ™

= |Va(u, )% (Prx +yy).

Therefore, we justified the theorem V21//(u,v) =| Va(u,v) |? Vz(p(x, y).

Recall that a function ¢(x,y) is harmonic if VZ2¢(x,y) = ¢rx + ¢yy = 0. This leads to the corol-
lary next.



Corollary. If ¢(x,y) is harmonic, then w(u,v) is also harmonic.

Proof. Since ¢(x,y) is harmonic, it follows from Theorem 1 that
V2y(u,0) = Va(u,0)? (Prx + dyy)
= |Va(u,v)* x 0
=0.

Therefore, w(u,v) is harmonic. O

3 Solutions of Laplace’s Equations on Simple Domains

We will focus on solving Laplace’s equations on simple domains: disk, annulus, upper-half
plane and semi-infinite stripe. We consider Dirichlet boundary conditions, unless specified

otherwise. Two main techniques are separation of variables and Fourier transform.

3.1 Circular Domain

This section is for solving Laplace’s equations with Dirichlet and Neumann BC! on circular

domain. We will use the method of separating variables.

3.1.1 Dirichlet boundary condition

Consider the following boundary value problem:
r2urr +ru,+ugg=0
u(p,0)=£(6)
u(r,—m) =u(r,m)

ug(r,—m)=ug(r,m)

1BC stands for boundary conditions
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where f(0) is at least piecewise continuous.

u(p, 8)=1(8)

Pur + ru +ug =0

Figure 2: Dirichlet boundary condition on the circle centered at the origin

The solution is
1 b4 7‘2 _ ,02
0)= — do.
u(r,6) 27 j:n f((p)ﬂ +p2—2prcos(0 — ) ¢

We derive the solution as follows.

We guess the form of u(r,0) = R(r) ©(0). Then,

?R"+rR'+RO"=0,

r’R" +rR’ CK
-R 0’
Notice that the only possible case is
r’R"+rR' 0"
& o

where 1 is a non-negative constant with the sign and value to be determined.

If we rearrange the equations, we get
r’R"+rR'+ AR =0, 3

0" =+10. (4)



3.1 Circular Domain 5

From equation 4, we have the following boundary problem for nontrivial solutions:

0" =+10
O(-m) = O(n)
0'(-m) = 0'(n)

We will approach the above as the eigenvalue problems with eigenvalue A and eigenfunction

O(0) (details in Appendix A), where there is a solution if and only if @ =-10 (1=0).

A=n? n=0,1,2...

a,cosnl+b,sin, 0 n>0
®n(6): ao
? n=0

From equation 3, we have

r?R" +rR' - AR =0.
Take R(r) =r?, where p is constant, we have

p(p—rP +pr? —Ar? =0,

Since A = n?, p = +n . Therefore, R,(r) = C1r"* + Cor™" . However, in order for R(r) to be

well defined at r = 0 , the term Cor™" must vanish. Hence, it suggests

r* n>0,
R,(r)=
1 n=0.

Therefore, by principle of superposition,

u(r,0) =2+ Y (ay cos(nd) + by, sin(nd))r".
n=1

Applying the boundary condition u(p,0) = f(6), we obtain

fO) = 612_0 + i (ancos(nd) + b, sin(nh))p”".

n=1
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By Fourier series formula, we find the values of coefficients

1

an:

_ﬂ f(p)cosno do,

Assuming f(¢) is at least piecewise continuous on (—m,7), then termwise integration can be

applied, which leads to, after using angle-sum identity,

w(r.0) = — f((/,) do + Z (ﬂr:n _]; f(¢)(cosnOcosne +sinnb sinne) dp
21 f((/)) 1+22M)d¢
_ % F(@) 1+§1 rn(ein@_e;:e_mw_m)) dep
[ o
_ % o\ _pzp_rzosw ¢>) 49

Remark on periodic boundary condition

One may be curious whether it matters if the boundary condition is prescribed on [0,27]. It
turns out that the solution is independent of the chosen domain, ie, [0,27] and [-7m,7] are
expected to yield a same result.

Specifically, we can consider an arbitrary function F'(0) defined on R with a period of 27. The

function is defined as follows:

f1(9)7 [—77:,77),
f2(0), [z,7),
F(0) =1
fo(0 — 2k ), [2k7 +1,2k7 + 1),
f10 -2k +2)1), [2kn+7,2k +2)7 +71),

where T €[-n,7) and k € Z.

If the chosen domain is [—7, 7], functions f1(8) and f2(08) will be evaluated on [—7,7) and [7, 1),
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respectively. Hence, we can write

fﬂ F6)do = ' fl(H)d0+fnf2(9)d9.

=T
If the chosen domain is defined on [2k7 + 7, 2(k + 1)1 + 7), functions fo (0 —2km) and f1(0 —(2k +
2)m) will be evaluated on [2k7 + 7, 2k7 + 7)) and [2k7w + 7w, 2(k + 1) + 7). In the latter case, if

replacing the variable (6 —2kx) with a and (6 — (2k + 2)7r) with , then

2k+2)+T 2km+m (2k+2)m+T
f F@)do = fo(60 —2km) d9+f f1(0 — 2k +2)m) dO
2

kr+1 2kT+T 2km+7

- f fo@da+ [ F1(5)dp.

From the above, two integrations will yield the same result. Since 7 and %k are arbitrarily

selected, any general case can be represented as the above form.

3.1.2 Neumann boundary condition
Given the boundary condition problem:
rPu, +ru,+ug =0

< ur(p,0)=[(0)

u(r,—m)=u(r,m)

ug(r,—m)=up(r,n)

where f(0) is at least piecewise continuous.
The solution is
I

u(r,0) = “om i F(®) In(r® + p% —2preos(@— ) d¢ + C,

where C is constant.

We will apply the same method as we did in the case of Dirichlet boundary condition and get

the general solution of the form,

u(r,0) = “2—0 + Y (ancos(nd)+ by, sin(nd)r".
n=1

Assuming termwise differentiation holds, we differentiate the equation with respect to r to

obtain
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Q
\

u(p 8)=1(8)

Pur + ruy +ug =0

Figure 3: Neumann boundary condition on the circle centered at the origin

ur(p,0) = Z (na,r* cos(n®) +nb,r" sin(nd)), (5)

n=1

and apply the boundary condition u,(p,0) = f(0), then

fO) =Y (na,p" tcos(nh)+nb,p" *sin(nh)).
n=1

Determining the coefficients using the Fourier series formula gives:

1 b/
na,p" = Ef_,, f(Pp)cos(ng) do,

1 /4
nb,p" ! = — | _f(@)sin(ng)dg.

Plug in the coefficients to equation 5, assuming the conditions for termwise integration are
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satisfied, then we have

[e.®]

u(r,0)=

n=17

[e.®]

n=1

00 n—1
f (4’)2() cosn(¢p—0)de

Q=

n(em((p 0)+e—zn((,b 9))
2p"

f f«p)(Z

n=1

)d<P

roi@-0) ro—i0-¢)
p—rel@=® ’ p—re 0=

"1 J ao

2nr

2
1r” p“cos(¢p—0)—pr
. f(¢)r2 +p2 —2prcos(¢p—0)

dep.

Integrating u,(r,0) with respect to r gives

u(r,0) = f u.(r,0)dr

1 r» r 2 —-0)—
== f f(p) f p~cos(¢—0) — ps dsd¢ (Reverse the order of integration)
Jon 0 s2+p2-2pscos(¢p—0)

= f(¢)[—§1n(r2+ 2 —20rcos(¢— ) + C(¢,0)] dop

| F@)C,0dp- % F()InG2 + p% — 2prcos(p—0)) do, (6)

where C(¢,0) is some function with variables ¢ and/or 6.

We can write equation 6 as a linear combination of homogeneous and particular solutions:
u(r,0) =up(0)+upy(r,0),

where uj(0) = % § f(¢p) C(,0) dgp and u,(r,0) = —% i F() In(r? + p% - 2prcos(¢p — 0)) do.



10 3 SOLUTIONS OF LAPLACE’S EQUATIONS ON SIMPLE DOMAINS

To determine the form of uj;(6), we go back to the boundary condition:

rPup+ruy+ugy =0 (7)
ur(p,0)=f(0) (8)

u(r,—m) =u(r,m) 9)
ug(r,—m)=ugp(r,m) (10)

We know that the particular solution u,(r,0) alone can satisfy all the conditions 7, 8, 9 and 10

by setting u(0)=0.

Therefore, uy(0) must satisfy the following conditions as well:
uy (0)=0
up(=m) = up(m)

up, (=) = uj, ()

Then, it gives us u,(0) = C, where C is constant.

In conclusion, the solution is in the form of

u(r,0) = —% ! f() In(r? + p% —2preos(@—¢)) dp +C.

3.2 Annular Domain

In this subsection, we will solve the Laplace’s equation on the annular domain. The solution
on an annulus is important, because it has the potential to solve Laplace’s equation on more

complicated domains, under conformal mapping, which we will discuss in Section 4.
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ry

u(ry 8) =1,(8)

PUr + T +ug =0

Figure 4:
Figure 5: Dirichlet condition on the annular domain

Laplace’s equation with Dirichlet boundary conditions for the annular domain is

rPup+ru,+ug =0,
u(ry,0) = f1(0),
u(re,0) = f2(0),
u(r,—m)=u(r,m),
u'(r,-m)=u'(r,n),

where O0<ri<rsg.

We can still apply the method separation of variables. For the Dirichlet boundary conditions,

we obtain

R(r1)©(0) = f1(6),

R(r2) ©(0) = f2(0).

In general, f1(0) and f2(0) are not a multiple of each other. Therefore, we should not expect

one particular solution to satisfy both of the boundary conditions. Alternatively, we can find
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two particular solutions separately, one of which, say u,,, satisfies

R(r1)©(0) = f1(0),

R(rg)0(0)=0.
and the other, say u,,, satisfies

R(r1)©(6)=0,

R(r2) ©(0) = f2(0).

With this main idea, we shall begin solving the equations.

By separating variables, we replace u(r,0) with R(r)0O(0), and it can be derived from the

Laplace’s equation that
r’R" +rR’ G
R 06

From our previous practice, it is clear that 1 = 0, and we can solve for ©(0):

A.

0" =-10
O(—m) = O()
©'(~m) = O(r)
gives
A=n%  0,0)= ¢ =0 (11)

apcosnf+b,sinnd n=1,2,3....

We now start the case for the first particular solution u,,. We have the equations for R(r)
r’R"+rR'-n?R =0
R(rg)=0.
If n =0, we solve r?R" + rR’ = 0 for
Ry=Cilnr+0C,.

Ifn=1,2,3..., we shall obtain

R,=d,r"+e,r ".
We apply the boundary condition R(r2) = 0, and it follows
Cl In ro+ Cz =0

dyrgtenry” =0
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and
Cz = —Cllnrg
en = —dnrén.
Therefore,
Ci(Inr-Inrg) n=0,
R,(r)=
dn(rn—rgnr_”) n=12,3....

Combining equations 11 and 12, we obtain
=Ci(Inr-1Inrs9) + Z d,(r" - r2 r ")a,cosnl+b,sinnb).
n=1
Applying boundary condition u,,(r1,0) = f1(0), we get
f10) = Clln— + Z d,(r] - r2 "r1"Nan,cosnb + b, sinnb).

r2 =1

Use the formula of Fourier series, we have

1 T
ciin == [ £10)4e,
r2 277: -7

b/
=7

1 T
dpb,(r] - r2 ry )_n f1(0)sinn6 do.
-7

Hence, the first particular solution is

r_ 2n

1
upl(r 0) = fl((P)

nri/ry o=yt

0o Nl _ p2n..—n
L[ fl( )(lnr/rz +2Z%cosn(9—¢)) de.

n_ ,.2n
2n Vre  aori-rytry

For the second particular solution u ,,, we have the equations for R(r)
r’R"+rR'-n?R =0
R(r1)=0.

We then follow the same steps and finally reach
2n

1 Inr/r o rt—ritr-
upg(r,G):— fg((/)) L +2 ) ; — cosn(@—cp)
2n nro/ri  ,oyrh—ritry”

Inr/ 1 T
nr/ry d¢+; Z znr-n nfl((p)cosn(e—d))d(P

deb.

13

(12)
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As stated at the beginning, the full solution is the sum of the two particular solutions

o plt_ 2n
u(r,0) = i f1(</> ( lnr/r2 Z cosn(@ cp)) do
1/r2 a1 vy —rytry”
0o plt 2n
+i fz((/) 1nr/r1 Z i cosn(@ P)| do.
2n 2/7‘1 n=1 —r1 r2

3.3 Half Upper-plane

In this section, Fourier Transform will be used to help solve boundary value problems on the

upper half-plane for both Dirichlet and Neumann boundary conditions.

3.3.1 Dirichlet boundary condition

Consider the boundary value problem:

Uxx +Uyy =0

u(x,0)=f(x)
y A
\\\ \\
u (x,0) = f(x)

Figure 6: Dirichlet boundary condition on the upper half plane

The solution is

f f() sdr y#0,

f(x) y=0.

u(x,y) =
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We make the following assumptions:

1. f(x) satisfies the conditions for Fourier Transformation, that is, we can compute its cor-

responding f(w) by Fourier Transform formulaZ.
2. u(x,y) can be transformed with respect to x with Fourier Transform formula.

3. limu(x,y)=0= lim u(x,y),and lim u(x,y) =0.
X—00 X——00 y—oo

First, we find the relation between the transformation of u(x,y) and of u,(x,y) ,

ﬁ(w,y):f u(x,y)e % dx

X=00 o0 —iwx
e
—f u,—— dx
X=—00 —00 _lw

1
=—1l,(w,y).
w

ue—lwx

—ilw

By induction it can be generalized to
2w, y) = (o) W, y).
Now, apply the Fourier transform formula to the Laplace’s equation:

F(Uyx + uyy) = Z(0)

(i)W, y) + iyy(w,y) = 0 (by property of linearity)
Solving the second-order differential equation respecting y gives
i(w,y) = Ci(w)e” + Co(w)e™ .

Since the function is defined as y goes to oo for all w € R, @i (w, y) should decay as y approaches
oo . Therefore, it implies

1w, y) = Clw)e™ V.
Computing the Fourier transform of the boundary condition u(x,0) = f(x) gives
i(w,0) = f(w) = Cw),

which yields
a(w,y) = f(w)e V.

Next, by inverse Fourier transform, we have

2See Appendix B.
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1 [, .
u(x’y) — _f f(w)e—lwlyezwx dow
27 J—o

1 o0 [o0] . .
= %f (f f(r)e " dr)elwx_l‘”'y dw

1 o0 o0 .
=5 f() f el=D-loly g dr (by Fubini’s theorem)
T J-co —00

1 () 0 . 0o |
= —f f(T)(f elwx=D-lely dw+f elwx=D-lely dw) dr
27 —00 —00 0

1 fe's) 0o oo
=— () (f et=Trwy g, +[ etole—T)—wy dw) dr.
27T —00 —00 0

For y > 0, we have

1 oo 1 1
u(x’y)_ﬁf_oof(r)(i(x—rny * —i(x—T)+y) dr

Y [Ty L
- nf_oof(r)y2+(x—r)2 dr.

For justification of solution when y = 0, it requires proper introduction of Fourier transform

and theory of distributions, which we shall not discuss in detail here.

In conclusion,

u(x,y) = %foo £(7) dr,  y>0.

Y2 +(x—1)>2

3.3.2 Neumann boundary condition

Given the boundary value problem
Uyx +Uyy =0,
uy(x,0) = g(x).

The solution is

u(x,y) = %f g@nly? +(x-1)?1dr +C,

where C is constant.

Almost everything from the Dirichlet problem follows the same, except that a different bound-

ary condition is given. We again begin with the following assumptions:



3.3 Half Upper-plane 17

-

uy (x,0) = g(x)

Figure 7: Neumann boundary condition on the upper half plane

1. lim w(x,y)=0= lim u(x,y), and lim u(x,y)=0.
xX——00 x—00 y—00

2. g(x) has its Fourier Transform, that is, g(w) can be obtained by Fourier transform for-

mula?, and in particular, (0) = f g(x)dx =0.

0
—Flulx,y) = Flu,(x,y)].
ay

We already know from the last section the relation between the transform of u(x,y) and the

transform of u,(x,y) is

ﬁ(w,y):f u(x, y)e "% dx

fo%) o0 e—i(ux
—f u,— dx
—00 —00 _lw
1

= ._ax(wyy)a
LW

— ue—lwx

and by induction we have

2w, y) = (o) 4w, y).

On the basis of the above equation, we follow the Laplace’s equation by Fourier transform:
Uxx+Uyy =0,
F(Ugx +Uyy) =0,
~0%i(w,y) + U yy(0,y) =0,

(w,y) = Ci(w)e”” + Co(w)e™ 7.

3See Appendix B.
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As y — oo, Gi(w,y) should avoid infinity for any w in R. Therefore,
a(w,y) = Clw)e™ "V, (13)

In order to apply the boundary condition, we differentiate solution 13 with respect to y and

transform the boundary condition u,(x,0) = g(x) respecting x, and obtain the following:

—|w|C(w)e Y w#0
ﬁy(w,y): )
0 0w=0

Uy(w,0) = g(w).
For the above equations to be continuous at y =0, it requires
0= 5(0),

which is satisfied by assumption 2.

Hence, solving for C(w) in terms of g(w) gives

_8) —|wl
. ~ ol @ WY w#0
w(w,y) = , and

C w=0

i y(w,y) = g(w)e™ Y, (14)
Following equation 14, for y >0,

1 * * —iwT —|lwly jiwx
uy(x,y):%f_oo(f_oog(r)e dr)e Ve dw

(e .9]

1 oo
=5 g(T)f el n=lely 4oy dr
T J-oc0 —00

1 fo') 0 . 00 .
= f g(r) ( f O+ gy, 4 f g ly-item] dw) dr
27 J-co —00 0

1 [> 1 1
_%f_oog(r)(y+i(x—r)+y—i(x—r)) dr

_1 (= y
B ﬂf—oog(ﬂy2+(x—r)2 dr.

For y = 0, we shall again avoid the formal justification of Fourier transform and theory of dis-

tributions.
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Now, u(x,y) can be obtained by integrating y for u,(x,y):

I O RN
ulx,y)= nff_oog(r)y2+(x—r)2 drdy

R e y .
= f_oog(T)f T —— dydr (by Fubini’s theorem)
= %f g@nly? + (x—1)%1+ C(x,7)} d

_ L f ¥ g dr + — f ¥ e(MInly? + (x— )] dr. (15)
271 J-—o 27 J-co

Similar to the Neumann problem on the circle, we can rewrite equation 15 in homogeneous
and particular parts:

u(x,y) = up(x)+upx,y),

where u,(x) = % f C(x,7)g(r)dr and u,(x,y) = % f g In[y? + (x—7)%1dr.

If we think of u,(x,y) as the particular solution to
Ugx T Uyy =0,
uy(x,0) = g(x),
up(x) must adhere to the following
u,(x)=0,
uy(x,0)=0.

This gives us up(x) = Ax + B. However, u(x,y) — 0 as x — oo implies u(x) — 0 as well. There-

fore, for boundedness of uj(x,y), we conclude that A = 0. Then, uj(x) = C, where C is constant.

Hence, the final solution is

u(x,y) = %f_oo g Inly?+(x—1)%1dr + C.

3.4 Semi-infinite Stripe

In this case, we will use both the method of separation of variables and Fourier transform to

find solution to the Laplace’s equation,
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Ugx T Uyy =0,

u(0,y) = f1(y),

u(x,0) = fox),

u(a,y) = f3(y);

on semi-infinite stripe, as shown in Figure 7. If we separate the variables of u(x,y) into X(x)

and Y (y), we obtain X"Y + XY"” =0. This implies X" = -1X and Y" = 1Y.

dla,y) = f5(y)
Oxx + O

©(0,y) = f;(y)

® (x, 0) = f, (x) a  x

Figure 8: Half infinite stripe

Part 1 We first find a particular solution to

Uy +Uyy =0
u(0,y)=0
u(a,y)=0

u(x,0) = fa(x).
As we have dealt with this eigenvalue problems before, we know that
X"=-1X
X(0)=0
X(@)=0
gives 1 = (*£)? and X, = sin (22 x) with n=1,2,3... Then, Y" =AY = (%”)Zy gives

nm, _nz,
Ynzclea +Coe a”,
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For Y () to be defined on y € (0,00), the above equation is reduced to Y, = Cpe'av. Combining

X, (x) and Y, (y), we get

u(x,y) = Z Cpe Y s1nﬂx

n=1

Apply the boundary condition u(x,0) = f2(x) to obtain
o0
folx)=)_ Cpsin e
n=1 a
By Fourier series formula, we have
2 a
C,= —f fz(x)sinn—ﬂx dx.
a Jo a
Simplify our solution

u(x,y)
& 2 a nm

=) (—f fg(x)sinﬂx dx)e_TysinEx
—\la o a a

nm nm
f fa(T) Z e 'a¥sin — 7 sin —x dr
a

a

1 a & nm
= —f for)) e a? (—cosn—ﬂ(r+x)+cosn—ﬂ(r —x)) dr
aJo n=1 a a

i [(eﬁ[—yn(r—x)])” _ (eg[—y+i(f+x)])n] dr

n=1

1 re eg[—yﬂ'(r—x)] el[—y+i(r+x)]
= —f fo(T)Re . dr
aJo 1

1 a
= —f fo(T)Re
aJo

_eg[—yﬂ(r—x)] 1— ea[ y+i(T+x)]

_I _9on . .
e aY(l-e 2ay)sma%rsmgx

=2 [ e dr
aJo (1 +e 2y —2¢7aY cosg(r —x)) (1+ e 2aY —2¢”aV cosg(r +x))

(Write them in form of hyperbolic functions)

9 fa f (cosh Zy —sinh Zy)[1 - (cosh gy)2 —(sinh gy)2 +2sinh Zycosh Zylsin Z7sin Zx &

)
{1+ (cosh ZL—’y)2 + (sinh %y)2 —2sinh Zycosh 2y — 2(cosh 7y — sinh 2 y)(cos 7 (7 — x)}
{1+ (cosh gy)2 + (sinh gy)2 —2sinh Zycosh 2y — 2(cosh 7y — sinh Z y)(cos 7-(7 + x)}

/4 /4 /4
(Recall that(cosh — y)? — (sinh —y)? = 1, factor the numerator and denominator by (cosh =y
a a a

LT ) .. . T T T _ . ®w .7
—sinh —y)” and use the trigonometric identity cos —(7 + x) = cos —7cos —x Fsin —7sin —x )
a a a a a a

sin Er sin Ex sinh 7 Ly

folr
f (cosh”y cos = TCOS x sinZ Tsm x)(cosh”y cosZ TCOS x+sm Tsm x)
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A T LI 4 . T
B sinZ7sinZxsinh 7y

a
a Jo (cosh Zy)% +(cos 7 T cos 7x)* — 2cos S xcos 7 T cosh -y — (sin 7 7)*(sin 2 x)

(Use the identity of difference of two squares)

A T LI 4 . T
sinZ7sinzxsinh 7y

1 a
= — T dr
a fo fa( )(cosh Zy)% +(cos Z1)%(cos 2x)? — 2 cos Zx cos 27 cosh 7y + ((cos T7)2 — 1)(sin 2 x)2

a

(Use the trigonometric identity)

f“ | sinZ7sinZxsinh 7y 1
= - o\T T
a Jo (cosh %yr)2 —2cos Zxcos -7 cosh 7y + (cos x cosh gy)2 —(cos Zxcosh %y)2
+ (cosh ;—’y)z —(sin gac)2
1faf( ) singrsingxsinhgy q
=— T T.
alto " (cos 21 —cos Zxcosh Z y)? + (sin Zx)%(sinh Z y)?
Part2 Now we can consider a particular solution to
Ugx +Uyy =0,
u(x,0)=0,
u(0,y)=0,
ula,y) = f3(y).

(16)

17

(18)

(19)

(20)

Since f3(y) is only defined on y > 0, in order to apply Fourier transform formula, we extend

our boundary from y € (0,00) to y € (—00,00).

Recall that by assuming yle u(x,y) = 0 we have f™(w) = (iw)" f(w). If applying Fourier

transform formula with respect to y on equation 17 u,, +u,, =0, we get

0 (6, 0) + ((0)2 0 (x, ) = 0

~ 2 A
Uxr(x, ) = 0°0(x,w)

= l(x,w) = C1e”* + Coe™“~.

With no justification, we claim that odd extension

f3() y>0

fs(=y) y<O0

F3(y)=

(21)
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is sufficient to be comply with boundary conditions 18.

If applying Fourier transform formula to all of the equations 17, 18, 19 and 20, the boundary

value problem is equivalent to

a(x,w) = C1e”* + Cae ™", (22)
fj:) i(x,w)dw =0, (23)
2(0,w) = 0, (24)
i(a, ) = F3(w), (25)

where 4(x,w) = Z(u(x,y)) and Fs(w) = F(F(y)) = foo F3(y)e Y — ei@Y) dy.
0

Combining equations 22, 24 and 25, we find values of coefficients
Fs(w)

Cl = ewa — e—wa
F
Cy = 3(w) .
ewa — e—wa
Then, we check whether the solution
wx _ ,—wx
a(x,w) = F3(w) f f3()(e™ W)ﬁ dr
satisfies condition 23.
It is expected
o0 WX _ =X
j:oo u(x,a)) dw = ‘[ 3(‘[)[ (e le)m dwdTt =0.

It then follows

u(x,y)= foo (foooF3(T)(e_im — el dr) (2_—6_)eiwy dw

wa _ e—wa

dwdr

_ foo fS(T)foo (e—iwr _ eiwr))(eiwy _ e—iwy)(ewx _ e—wx)

ewa — e—wa

_ 4fwf3(7)fw sinwTt s%nwy sinh wx dwds.
0 0 sinhwa

Part 3 We now repeat the steps in Part 2. Let us consider the following boundary value prob-

lem

Ugx +Uyy =0,
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u(x,0) = f1(y),

u(0,y)=0,

u(a,y)=0.

Recall that by Fourier transform under the same assumptions we can obtain

a(x,w) = C1e” + Cae ™%, (26)
f_z i(x,w)dw =0, (27)
2(0,0) = F1(w), (28)
i(a,0)=0,, (29)

where Fi(w) :f fi(y)e @Y — 'Yy dy = —Zif fi(y)sinwy dy.
0 0

By solving equation 26 with boundary conditions 28 and 29 gives us
wx _ ,0(2a-x)

i(x,w) = Fl(w)l_—

eZaw

sinhw(a — x)

=F
1(©) sinhwa
_ _2if°° fl(T)sian s'inhw(a —x) dr.
sinhwa
By the inverse Fourier transform formula, we have
u(x,y):f a(x,w) e dw
(<2 l)fwfl(T)fw sinwTt éinhw(a _x)(eiwy _ e_iwy) dwdr
0 0 sinhwa

= 4f°° fl(T)foo il Sin(,ﬂy sinho(a — ) dodr
0 0 sinh wa

Put together three paritcular solutions, we have

w(x, y) = 4f°°f1(r)f°° sinwt sin(.uy sinhw(a — x) dwds
0 0 sinhwa

s~ T . /A . /A
sinZ7sinzxsinh 7y

1 a
+— T dr
a fo ol )(cos 21 —cos Zxcosh Z y)? + (sin Zx)?(sinh Z )2
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+4f°°f3(T)f°° sinwt s%na)y sinhwx dwdr.
0 0 sinhwa

4 Conformal Mapping

This section introduces to conformal mapping. The first few theorems provide intuition for
construction of conformal mapping. Though we are not expected to construct any mapping on
our own, we shall briefly look through the theorems, as they will help us understand the con-
formality of two particular mapping methods, namely Mobius Transformation and Schwarz-
Christoffel Transformation later in this section. Our ultimate goal of conformal mapping is to
solve Laplace’s equations on complex domains by reducing to Laplace’s equations on simplified

domains using conformal mapping.

4.1 Introduction to Conformal Mapping

Theorem 2 (Riemann Mapping Theorem). If D is simply connected and not the entire plane,

then there is a one-to-one analytic function that maps D onto the open unit disk.

Interested readers can find the proof in the book Real and Complex Analysis*. We will skip it

here.

Lemma 1 (Inverse function theorem). If f is analytic at zo and f'(z¢) # 0, then there is an open

disk D centered at zo such that f is one-to-one on D. °

Remark The Lemma helps to find a local one-to-one mapping around a certain point. How-
ever, in order to find a one-to-one function on a particular domain, the function has to be
analytic and has non-vanishing first derivative at every point in the domain. We can select an
arbitrary point in the domain and prove that the function is one-to-one at a neighborhood of

the point.

4Reference [2]
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Definition. A map f(2) is said to be conformal at zg if it is analytic with nonvanishing first-

order derivative f'(zg) at zo.

Lemma 2 (Rotation matrix). In two dimension, a rotation matrix R(0) that rotates points in

xy-plane counterclockwise through an angle 0 about the origin is given by

cosf —sinf
sinf cosfO .

Lemma 3 (Jacobian matrix). Jacobian matrix is the matrix of all first-order partial derivatives

of a vector-valued function. For f :(x,y) — (u,v), the Jacobian matrix is

ou o
_| ox o0y
J = ov ov |-
0x oy

Theorem 3 (Local conformality). If a function f is analytic at point zg with f'(z9) # 0, then
any nonzero acute angle between any two directed smooth curves intersecting at zg is preserved

under the mapping f.

Proof. Recall that the Taylor series extension for f(z) at z is

f(2) = f(20) + I(f(20))0z + €(622),

where J(f(zp)) is a jacobian matrix.

When 4z is small, the high order terms are negligible, and it is left with

f(2)= f(z0) +J(f(20))0z.

We will use the rotation matrix and Jacobian matrix to justify angle preservation of conformal
mappings. Suppose an analytic function f(z) with f/(z¢) # 0 maps from z plane into w plane,
where z =x+iy and w = u + iv. The Jacobian matrix of f on disk D(zg,r) for some r > 0 such

that f'(z) #0 for any z € D is

Uy Uy
JIf(2)]= )

= ) (by Cauchy-Riemann equations)
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Uy Uy

| e uZ+u?
=\ uy+uy “u, Uy
Vui+u2 oy Jui+ul

Since f'(z9) # 0, then by continuity of 7/, f'(z) # 0 on D for some r > 0. This implies u, + iv, =

uy+iuy #0, which implies u, #0 and u, # 0 on the disk D.
Thus, it yields

JIF@)] = \/u2+u2 R(-0),

u . u
where cos0 = a , sinf = S A— ,
uZ+u? uZ+u?
cosf sinf | ) ) )
and R(-0)= is a rotation matrix clockwise around zg.
—sinf cosf

We assume r is sufficiently small so that on the disk D
u [Z20) X—X0
~ +d(f(20))
v Vo Y—=JXYo

Therefore, the mapping f(z) rotates every point in some neighborhood around zy through the

holds.

fixed angle 6 clockwise about zy. Furthermore, the angle between any two curves intersecting

at zg are preserved. O

Theorem 4 (Global conformality). If f(z) is conformal at every point on domain D, then it is

said to be conformal on the domain.

4.2 Mobius Transformation

Definition. A Mobius transformation is complex-valued function in form of

az+b

w=fz)= cz+d

where a, b, ¢c and d are complex constants such that ad # bc.

We shall begin checking its conformality:

* analyticity: f(z) is analytic everywhere except at ——.
c
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ad—bc

(cz+d)? #0.

* one-to-oneness: it is one-to-one on its domain because f'(z) =

d
Therefore, f(z) is conformal on C — {——}.
c

Below are some properties of Mébius transformation.

1. Linear transformation: It is a combination of translation, scaling, rotation, and inversion.

1

Symbolically, w = z + b, w = az where a is real, w = ¢!’z and w = =

2. Extended domain: It maps from Cu{oo} to Cu{oo}, where oo is treated as one point regardless

of its location.

3. Mapping of circles and lines: Class of circles and lines are mapped to themselves. In the table

below is the conclusion on mappings between lines and circles.®

Curve type Through origin Inversion curve Through origin

Line Yes Line Yes
Line No Circle Yes
Circle Yes Line No
Circle No Circle No

4. Inverse mapping The inverse of Mobius transform is also Mobius transform. Given w =

+b dw-b
fz)= 2z , where ad # be, its inverse function is z = f~}(w) = a
cz+d a—cw

of Mobius transform. Since f(z) is one-to-one, the inverse function f~1(z) is unique.

, which is also the form

5. Composition of mappings The composition of Moébius transform is also Mobius transform.

+b +
o and ws = M such that ad # bc and eh # fg. We want to show that the

cwy +d Swy +
composite function ws(wo(w1)) is also Mobius transform. The composite function

Let wo =

ewg+f

ws(wa(wy)) =
Swo + h

_elawi1+b)+ f(cwi+d)
~ glaw1+b)+h(cwi+d)

_(ea+fcwi+(eb+fd)
" (ga+he)wi+(gb+hd)

6Proof given in Appendix C.
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is Mobius transform because of

(ea+fc)gb+hd)—(eb+fd)ga+he)=(ad—-be)eh—fg)#0.

Besides, there are some techniques that help construct Mobius Transformation.

Theorem 5 (Cross-ratio Method). For any three points z1, z9 and z3, the mapping to 0, 1 and
00 is
_(z2—21)(z2 — 23)

(z-23)(z2—21)

T(z)

Remark In general, for any other three points wi,w2 and ws, we can apply the Cross-ratio

method

Tw) = (w - w1)(ws —ws)

(W - ws)ws —w1)
again. Then, we can find the Mobius mapping from three arbitrary points z1, zo and z3 to
another three points w1, we and ws,

_ wi(zg —z1)(w2 —w3)(z —23) —wsz(zg — 23) (w2 —w1)(z —21)
(22 —z21)(w2 —w3)(z —23) — (22 — 23) (w2 —w1)(z — 21)

A mapping between lines and circles has a flexibility of three points. That is why cross-ratio

method is effective in mapping between circles and lines.

Definition (Symmetry). Two points z1 and z9 are said to be symmetric with respect to a circle

C if every straight line or circle passing through z1 and zg intersects C orthogonally.

Theorem 6 (Symmetry Principle). Let w = f(z) be a Mobius transform, and circle Cy, be the
image of circle C,, ie, Cy, = f(C,). Two points wy and we are symmetric with respect to circle C,,
under the Mobius transform w1 = [(z1) and we = f(z2) if and only if z1 and z9 are symmetric

with respect to circle C,.

Remark Symmetry principle simplifies the cross-ratio method in many cases, especially in

the case of mapping any circles to circles with certain center.

A good example is applying symmetry principle to map two separate circles to two concentric
circles at the origin, so that the exterior of two original circles will be mapped onto an annulus
centered at the origin. The main idea is to find two points symmetric to both circles and map
one of them to 0 and the other to co, then the choice of mapping a third point can be used to

decide the radius of the annulus.
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S

N\ S

Figure 9: Mapping of symmetric points

First, by symmetric formula, we have

2
Ry (51—22)(z1+z2)+R§—R§+\/<R§—R§)Z+|z1—zz|2[|z1—zz|2—2(R§+R§)]
az = 21 + p— p— al = —
a1—21 2(z1-22)
R% (21—22)(z1+zz)+R§—R§—\/(Rg—R§)2+|zl—zz|2[|21—Z2|2—2(R§+R§)]
ag =2z9+ — — ag = G5 .
ai1—2z9 z1-22)

Then, the Mobius transform that maps the two separate circles to the concentric ones is given

by

zZ2—0a1
w=C

z—ay

where c is a complex constant.

4.2.1 Application in solving Laplace’s equations on separate circles

We are to find a solution ¢(x,y) to the Laplace’s equation ¢, +¢,, = 0 on the z-domain, sup-

posing the boundary conditions on z-domain are given by
fi(z1+R1e™)

on circle C1(z1,R1) and

fo(zo + Roe'®)

on circle Co(z9,R9).
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w plane

‘ ¢ a;-ayre®
o ——==5)
-r2e

Figure 10: Solving Laplace’s equation by mapping symmetric points

By properties of conformal mapping, we are able to first find a solution y(r,0) to the Laplace’s
equation rzwrr + 7y, +Wpp = 0 on the w-domain and then find the solution to the original do-

main by changing the variables.

For simplicity, we set C =1 in the mapping function, which yields

zZ2—0a1

w= ’ (30)
Z2—0as
where
_ (51—22)(zl+zz)+R§—R§+\/(Rg—R§)2+|zl—zz|2[|zl—zz|2—2(R§+Rg)]
a1= 2(z1-22)
3 (21—22>(21+Z2)+R§—R§—\/(RS—R%>2+|21—22|2[|21—ZQ|2—2(R§+R§)]
az= 2(z1-22) :

We find radius of two circles C(0,71) and C(0,r2) on the w-domain by the mapping function 30

z1+R1—aq
ri=\———, ——
z1+R1—a9
zo+Ro—aq

and rg=|——|.
zo+Ro—ag

We need to find the corresponding boundary conditions on w-domain.

0

By letting z = 21 +Rie'® and w = rie'?, we have

z—aq

zZ2—ag

0 _ 21 +R1e‘“—a1

— rie -
z1+R1e!%*—aqy
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al—azrle‘e

- 21 +R1€
1-rqei?

0 we have
10

; ajl—agroe
29+ Roe'%= — =~

Similarly, by letting z = z9 + Roe!® and w = rqe

1—rget?

Therefore, the boundary conditions on circles C(0,71) and C(0,r2) on w-domain are

0
. ai1—asgriet
fiz1 +R1e') = fil—————)
1-rie!
and "
- a1 —agroet
fo(zg + Rge'®) = fo(——————),
1-—roe?
respectively.

Now, we just need to solve the Laplace’s equation on the w-domain,

P Y+ TP+ W =0
Y(r1,0) = f1(H 2250 arzrellg ),

W(rg,0) = fo(HL=2220— agraelly

1-rgeit

N

w(r,—n) =y(r,mn),

v'(r,—m) =vy'(r,n).

By the formula we derived in Section 4.2, we find the solution

0o Pt _ 2n.,.—n

23 +_ncosn(6—<p)) d¢

n —
Inrqi/rg ) R -

al—azrle Inr/ry

1
1//(7',9):— fl( 0 )(
—rie

oo plit _r2n -n

2) ————cosn(0- ¢)) dp.  (31)

n _ .2n
Inre/ri 5 rf—rir,

+ —

1 ai—asrge’? [ Inr/ry
f2( 3
2n J_x 1—-rge!

We know that

zZ—ay x+iy—aq
r=lwl= = .
z—asg xX+iy—asg
z—a x+iy—a
and 6 =arg(w)= arg(—l) = arg(#).
z— x+iy—as
ai—asriet® a1 —t ilag—a

Lettz#,thengb:—ilog L and d(,b:M
1-rie¢ agri—rit (a1 —t)ag—1t)

Hence, we can can find an explicit form for ¢(x,y) from equation 31

1 (5 i(as—ay) In|Z=3; 1 -Inry
z\x, = — ¢
Pz, ) 27 f?—If"?rl (a1—t)(a2—t)f( )( Inry—Inry
224 Z;w rit 2" z—a1 ilay1—t)
+2 Z 2n ,.—n cosn(arg + )dt

—-rgr] z—ag agori-—-rit
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aj—agro . zZ—ai
1 Ty L(az al) f (t)(ln|2 a9 11’17‘1
27I “1“’2@ (a1 —t)ag—1t) Inrg—Inr;
s Z;'n 3l z—a; ila;—t)
+2 Z 5 cos n(arg + ) dt.
2 rlnrgn Z—ag agro—rot

4.2.2 Solutions on a disk by mapping from upper-half plane
The Laplace’s equation in polar form on w— plane is

r?®,, +r®, + Pgg =0
O(r,—m) = O(r.m)

®(p,0) = £(60)

Previously, we applied the method of separating variables to derive the solution to Laplace’s

w plane
z plane v ©(p. 8) = £(6)
x w pii+z
X
u
z =il
® 1
X, 0) = f(x)
( PO + r®p +Ogy =0

Figure 11: Upper-half plane to disk

equation on a disk with radius p. In this section, we will derive the solution by Moébius trans-
form, and verify it with the solution we already knew.

The function that maps from the z—plane to the w—plane is

1—z
w=p—
i+z
and its inverse is
ip—iw
z= .
w+p

If we write the inverse functions in the Cartesian form and take u(r,0) = rcos@ and v(r,0) =

rsinf, we get

2pv p2—u?-v? B 2prsinf ) p%—r?

+iy= = .
ey (u+p)2+v2 l(u+p)2+v2 02 +r2+2prcosf Lp2+r2+2prcos9
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sinf
1+cosO’

More specifically, at the boundary, two domains are related by x =

sin ¢
1+cos¢p
¢ = g~ (7). Furthermore, we notice that ¢ — (-7)" as T — —oo and ¢ — (1)~ as 7 — oo.

To avoid ambiguity, let 7 = x, ¢ = 0 and g(¢) = , then it follows that 7 = g(¢) and

Applying the formula for Laplace’s equation on upper-half plane, we obtain

(r,0) =2
T

f” f(g ()

a2+ x—-1)2

i 1
Since we have g 1(r)=¢ and 7 = %, we derive dr = m d¢, which yields
O(r,0)
e " F@) a0
w(p% + 1% +2prcos6) Jx ( p2 — 12 )2 ( 20rsind sing )2 (14 cos)
- cos
p2+r2+2prcosf p2+r2+2prcosf 1+cos¢ ¢
_ (p2 =r2)(p% +r?+2prcosh) [ f () dp
= . 2
7T _
" [(,o2 —-7r2)2+(2prsinf — ﬂ(pz +7r2+2prcosf)| (1+cosq)
1+cos¢
B (p%2 —r?)p? +r2 +2prcosh) 7 f(p) do
- JT —n (L+cosP)(p? —r2)? + 4p%r?sin® 0] — 4prsinfsin

(p% +1r? +2prcos0) + (1 —cosp)(p? +r2 +2prcosh)?

(P2 =r®)(p?+r?+2prcosh) [T f(p)
- T 7 (L+cosp)p? +r? +2prcosO)(p? +r2 —2prcosh) —4pr
sin@sinp(p? + r? + 2prcos6) + (1 — cos p)(p? + 2 + 2prcos H)?

d¢

2_ .2 pn
_pe-r f f () do
o1 ) (L +cosp)p? +r2—2prcosO) —4prsinfsing + (1 — cos p)(p2 + r2 + 2prcosH)

¢

_p*-r? f” (@) 1
. J-z20p%2+2r2—4prcosfcos¢p—4prsinfsing

_ 0% r2 fn £()

dep.
21 J_g p?2+r2—2prcos(@ —¢) ¢

The solution we just derived matches the one from section 3.1.1, therefore it is verified.
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4.3 Schwarz-Christoffel Transformation

The Schwarz-Christoffel transform maps line segments on complex domains onto the real axis.
We are interested in applying S.C. transformation to map polygonal domains onto upper-half

plane so that we can solve the Laplace’s equations on the simplified domain.

Theorem 7 (Schwarz-Christoffel Mapping Theorem). Let P be a positively oriented polygon
with vertices w1, wo, ..., W, With corresponding right-turn angles 61, 0o, ..., 8,. Then, a one-to-

one conformal function that maps the upper-half plane onto the polygon is

On-1

fu)zf{ﬁ<c—xo%wc—xw%;xc—xm4)n d( + B,

where f(x1) =w1, f(x2) =wso, ..., f(xp-1) =wy,_1, f(c0) =wy,, and A, B are complex constants.

4.3.1 A new look on Laplace’s equation on semi-infinite stripe

Before, we found a solution to Laplace’s equation on the semi-infinite stripe domain by the
method of Fourier transform and separating variables. In this section, we will apply Schwarz-

Christoffel transform and solution to Laplace’s equation on upper half plane, which we already

knew.
z plane w plane

v

w=2sin"z+3

D@, v) = f5(v)

X = Duu +
®(0,v) = fy(v)

z=-cosTw

-1 1 x
D (x,0) = f(x) _

® (u, 0) ﬁ f, (u) a u

Figure 12: Mapping from the upper half plane to the semi-infinite stripe

By Theorem 6, choosing x1 = —1 and x2 = 1, the conformal function can be written as
4 9 _ l
w=c ["@-vta
0

= Asin 'z +B, (32)

where A and B are complex constants and C = iA.

Applying 0 = Asin"'(-1)+B and a = Asin '(1) + B to equation 32, we find the values of the
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coefficients
a
A=—,
T
_a
3"
Hence, the mapping function is
a . 1 @
w=—sin""z+—.
7T

The inverse mapping function follows

LT a . onm T
z—smg(w—g)——sm(g—gw)

b3
= —cos(—w).
a

It will be useful to reduce the inverse mapping function and to Cartesian form and find the

relation of x(u,v) and y(u.v)

. /4 Y/ ..o T
x+1y=—cos—ucosh—v+isin—usinh—v,

a a a a
b4 /2
x =—cos—ucosh—uv, (33)
a a
T T
y =sin —u sinh —v. (34)
a a

In particular, when w = iv (v > 0), we have
/2 a _
x = —cosh—v < v =—cosh 1(—x);
a T

when w =a +iv (v > 0), we have
b4 a _
x =cosh—v < v =—cosh 1x;
a b4
and when w =u (0 <u < a), we have
/2 a 4
XxX=-—cos—u<=u=—cos (—x).
a T

First, we need to map the boundary conditions on w plane to z plane

f1() = m% cosh™1(~x)),
a -1
fz(u)=fz(;cos (—x)),

f3(0) = f3<% cos~(~x)).

Apply the formula from Section 4.3.1 to find the solution to the z plane

B, y) = Zf f(1)

T Jco Y2+ (x —12)2
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_ X(f_l f1(%cosh™(-1)) fl fo(%cos™H(-1)) o f3(%cosh™'7)

+ d 35
o Y2H(x—172)2 1 Y2+ (x—12)2 1 yZ+(x—72 ) ' (35)

v/

Fort<-1,let¢= gcosh_l(—r), then 7 = —coshzt and dr = —zsinhzt dz;
T

a a a
a _ T T,
for —1<7<1,let t=—cos X(~7), then T = —cos —¢ and dr = —sin—t d¢;
a a a
a _ 7 T, T
for > 1, let t = —cosh lr, then 7 = cosh—¢ and d7 = —sinh —¢.
/1 a a a

Based on equaions 33 and 34, it follows from equation 35 that

sinZusinhZv , poo Lsinh(Z¢t)f1(t)
P, ), y(w,0) = —= . (f SR . x 7z &
0 sin Eusmh Ev+(cosh5t—cosaucosh5v)2
. fa Zsin(Z1)f2(t) a4
0 sin2gusinhz§v+(cos§t—cos§ucosh§v)2
+fw gSinh(gt)fg(t) dt)
2T ainh2 E s s )2
0 sin ausmh av+(coshat+c0saucoshav)
~ sin Zusinh Zv (foo sinh(-2)f1(¢) &
a 0 sin2gusinhzgv+(cosh§t—cos§ucosh§v)2
. fa sin(7t)fa(¢) a4
0 sin2gusinh2§v+(cos§t—cosgucosh§v)2
foo sinh(Z£)f3(2) q
+ t].
2 W27 g s )2 )
0 sin ausmh av+(coshat+c0saucoshav)

In conclusion, the solution to Laplace’s equation on semi-infinite stripe is

sinZusinh v o roo sinh(Z#)f1(¢)
(b(u,v): ( .27 W21 n n bi4 dz
0 sin a—usmh Ev+(cosh5t—c0s5ucosh5v)2
a sin(Zt)fo(2)
+[ — — a d¢

0 sin®Zysinh §v+(cosgt—cos§ucoshgv)2

oo sinh(7¢)f3(2)
+f — — dt).

0 sin gusmh §v+(cos§t+cos§ucosh§v)2

O
If we compare the second integral of the above with the solution 16 in Section 3.4, we obtain

the same result.

4.3.2 Modeling of fluid flow on a corner

Another example of solving Laplace’s equation under conformal transform is on the first quad-

rant {(x,v)lu > 0,v > 0}. The boundary conditions are given on u >0 and v > 0. The problem
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can be stated as

D, +D,, =0
®(u,0) = f1(u)
®(0,v) = fa(v).

By the SC 7 mapping formula, we find the mapping function with coefficients undetermined.
w:f(z):sz_%
1
=Az2 +B,

1
where A, B are arbitrary coefficients, with C = §A

z plane w plane
w = z12 v \
X X = \ ®uy +
D (0,v) = f,(v)
z=w?
D0 =fx) |° X —

® (u, 0) TAU) a u

Figure 13: Mapping from the upper half plane to the top-right corner

For simplicity, we choose f(0) =0 and set A = 1, and it gives us w = y/z. The inverse is

z = w?.Expressed in Cartesian form, z(x,y) and w(u.v) are related by x +iy = (u + iv)? =

u?—v2+2iuv.

Along the positive u axis with u >0 and v = 0, the relation is simplified as u = v/x. In the same

way, with u =0 and v > 0, it yields v = y/—x.

Hence, the boundary conditions f(x) is found as the following

fa(v/=x) x <0,
fl(\/o_c) x> 0.

74SC” stands for Schwarz-Christoffel.
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To avoid ambiguity in the integrating process, we shall write f(7) in place of f(x). For 7 <0 let
¢t = /=1, then it follows 7 = —¢2 and dr = -2t d¢; and for 7> 0 let ¢ = V7, the it follows T = ¢2
and dr =2¢d¢.

Reusing the the formula of solutions we derived on upper-half plane, we have

vy f@
q)(x’y)_nf_ooy2+(x—r)2 ar

_2uv UO fo(\/=7) d”fooo £1(/7)

o oo Quu)2 + (w2 - 02— 1)2 2uv)? + (w2 -v2 -1)2 dT)

A tfa(t) °° tf1(t) )
o (fo (Quv)2 + (12 -v2 +12)2 dt +fo (2uv)? + (w2 —v2-t2)2 dt.

4.3.3 Modeling of fluid flow over a corner

By SC mapping formula, the conformal function is

w:f(z):cfz%

=Az?+B,

where A, B are some constants with C = %A.

We choose principal branch, and we assume the correspondence f(0) =0 and f(-1) = —1. Then,
the mapping is function is

w=—iz2=—i|z|2 '2(AT82)

with 0 < Argz < 7.
Since the mapping is one-to-one, we can find its inverse. If we choose the principal branch

again on w—plane, then the the inverse function is
2 2 .2 . 2 .9
2= (lw)g — |w|§ ezgarg(zw) — |w|§ eLg(AI'gw+72—Z), (36)

with — % <Argw <.

On the boundary {z < 0}n{v =0}, we find u = —(—x)% as follows:

w=u=—i|z|2e'2AT82) c ) — _jl2AT8Z = | — _jolzATBZ_ _; Argz=nm
. 3
— z=x with x <0 = u=—-(-x)2.
3
On the boundary {z = 0} N {v < 0}, we find v = —x2 as follows:
. 03 i3Argz 3 3Argz i3 Argz
w=iv=—-1|z|2e'2 — v=—|z|2e"2 <0 = e'2 =1= Argz=0
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z plane

X w = -i 2372
k\\ \ \\ z=(iw)??® D (u,0) = f;(u) \
® (x,0) = f(x) O X ®(0,9) = 1, (v

Figure 14: Mapping from upper half-plane to the plane excluding the third quadrant

[NJ[S4)

= z=x with x>0 = v =-x2.

Therefore, the boundary condition f1(x) and f2(v) can be parameterized as

fi(u(x) = fi(—(-2)?) x<0
f(x)= 87

fo(v(x)) = fo(—x2) x>0,

Replace x with 7 in equation 37, we get

fi(~(=1)2) <0
f@)= ;
fo(—12) 7>0.
~(-1)%,7<0 — (=) , t € (~00,0) 2(~£)73 dt, t € (~00,0)
Lett= \ ,thent = \ and dr = X
~72,7>0 (—1)3,t€(0,—00) ~2(-t)"3 dt, t€(0,—00)

The following is derived from equation 36
2 2
x = IwI% cos g(Argw + g) =w?+ vz)% cos(gArgw + g)
and
w0 sin 2 (Argw + 2) = (? + v2)} sin(2 Argw + 2)
= in—(Ar =)= in(=Ar =).
yws3gw2uvs3gw3
With the above substitutions, we can derive the general formula for the solution

D(u,v)

:zf‘”LdT

TJooo y2+(x—7)2

2u? + 02)% cos(%Argw + g)
- 3
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fO ( (=)75 f1(8)
=Y

2 4 123 cos (2 )2 4 (w2 +v2)} sin(2 n 2)2
(u“+v )3cos(§Argw+§)) +((u +04)38 s1n(§Argw+§)+(—t)3)

(—)73 fo(t)

((u +04)3 cos(gArgw+§)) +((u +04)3 s1n(§Argw+§)—(—t)3)

a

41
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Appendix A Eigenvalue problems

Eigenvalue problems are a special type of homogeneous second-order ODE® with boundary
conditions, and they have a set of solutions. In this article, Periodic boundary condition applies.

Given the boundary value problem:

u(-m) =u(r)
u'(-m) =u'(n),

where 1 = 0.

Case A.1. v = Au (A #0).

u =Cicosh Vx+ Cysinh Vx
u' = VACq1sinhVAx + VACscosh v Ax
u(—m) = u(m)
— C;cosh Var - Cysinh V= Cicosh Var+ Cysinh Van
u'(—m)=u'(m)
= — \/ICl sinh VA7 + \/IC2 cosh VAx = \/ZCl sinh VA7 + \/XCz coshVArx
5.C1=0,C2=0.

.. There is no non-trivial solution.
Case A.2. 1=0.

u'=0 = u=C1x+Cy
u(-m)=ur) = -Cin+Cy=Cim+Cy
u(-m=u'(nr) = C1=C;

s.C1=0

8Ordinary differential equations
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..Eigenvalue is 1, and the eigenfuction is u =1
Case A3. u"=-Au (A#£0).
u= Clcosx/Zx+Cg sin vV Ax
u' = —VAC1sinVA+ VACscos VA
u(—m)=u(r)
= Clcosx/%n—Cgsin\/Iﬂ =C1cos \/Zn+C2sin\/Xn
u'(-m)=u'(m)
— VAC1sin VA7 + VACqcos VAT = —VAC1 sin VAx + VACycos VAn
.sinVAn=0
Therefore, we have A=n? for n=1,2,3... and u = a, cosnx + b, sinnx.

As a result from three cases, we conclude

1 n=0,
u(x) =

ap,cosnx+b,sinnx n=1,2,3....

Appendix B Fourier Transform formula and conditions

If the conditions for Fourier transform are all satisfied, the following formula apply.

Fourier Transform:
m .
i(w) = f u(t)e "t dt
—00

Inverse Transform:

oo

u(t) = 1 f a(w)e't dw

27 J—co
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Appendix C Proof of mapping between circles and lines

Four cases are considered: lines or circles through or not through the origin. Suppose z=x+iy

is the domain, and w = u + iv is the image. The curves in the domain can be written in form of

Ax?+Ay* +Bx+Cy+D =0 (38)
B\? [ C\?
ith|—| +|— ]| -D >0.
b (ZA) (2A)
Relating z and w to find the image curves,
1(:) 1 1 u v
w=— Z2=—= = —1
z w u+iv u?+v?2 u?+Vv2
2 2
u (-v) u —v
38) = A + +D=0
(38) (W2+0v2)2" (u?+v2)2 u? +v? u? + 2
Dw?+v®)+Bu-Cv+A=0 (39)

Case C.1. Line through origin (A =0, D =0).

39) = Bu-Cv=0

.". Lines through origin are mapped to lines through origin.

Case C.2. Line not through origin (A =0, D #0).

(89) = DW?+v?)+Bu-Cv=0

.. Lines not through origin are mapped to circles through origin.

Case C.3. Circle through origin (A #0, D =0).

39 = Bu-Cv+A=0

.. Circles through origin are mapped to lines not through origin.

Case C.4. Circle not through origin (A #0, D #0).

(89) = DW?+v®)+Bu-Cv+A=0

.. Circles not through origin are mapped to circles not through origin.
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